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A NONLOCAL BOUNDARY VALUE PROBLEM
ON THE HEISENBERG GROUP

Abstract. In this note we construct a well-posed boundary value problem for the Kohn Laplacian with nonlocal
boundary conditions in a bounded smooth domain on the Heisenberg group. It is also showed that the boundary
value problem is explicitly solvable for any bounded smooth domain.

Keywords: nonlocal boundary value problem, Kohn Laplacian, Heisenberg group.

Introduction. In a bounded domain of the Euclidean space Q € R%,d = 2, it is very well known that
the solution to the Laplacian equation

Bulx) =flx), xr €0, 1)
is given by the Green formula (or the Newton potential formula)
ulx) = J jealx —y)f3)dy. x€ Q, )

for suitable functions f supported in Q. Here £ is the fundamental solution to & in R given by

1 1
— A= 73
[I—dagla—yld—z " — — ™

gslx—y) =17
;loglx —¥, d=2

3)

=,

Iz
Ci-

where 5z = is the surface area of the unit sphere in RZ.

el

An interesting question having several important applications is what boundary conditions can be put
on u on the (smooth) boundary @12 so that equation (1) complemented by this boundary condition would

have the solution in Q still given by the same formula (2), with the same kernel &3 given by (3). It turns
out that the answer to this question is the integral boundary condition

— %ufx} + [, H:i'ﬂu(y}:ﬁ‘}- —[anEa(a—v) ﬁ:;fd.’)'}. =0ux € 80, 4)

& . . . .
where o denotes the outer normal derivative at a point y on @1, A converse question to the one above
?‘!}1

would be to determine the trace of the Newton potential (2) on the boundary surface @f), and one can use

the potential theory to show that it has to be given by (4).

The boundary condition (4) appeared in M. Kac's work [10] where he called it and the subsequent
spectral analysis the principle of not feeling the boundary". This was further expanded in Kac's book [11]
with several further applications to the spectral theory and the asymptotics of the Weyl's eigenvalue
counting function. In [12] by using the boundary condition (1.4) the eigenvalues and eigenfunctions of the

— 28 ——
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Newton potential (2) were explicitly calculated in the 2-disk and in the 3-ball. In general, the boundary
value problem (1)-(4) has various interesting properties and applications (see, for example, Kac [10, 11]
and Saito [19]). The boundary value problem (1)-(4) can also be generalized for higher degrees of the
Laplacian, see [13, 14].

In this note we are interested in and give answers to the following questions:

— What happens if an elliptic operator (the Laplacian) in (1) is replaced by a hypoelliptic operator?
We will realize this as a model of replacing the Euclidean space by the Heisenberg group and the
Laplacian on 9 by a sub-Laplacian (or the Kohn-Laplacian) on H,,_;. We will show that the boundary

condition (4) is replaced by the integral boundary condition (15) in this setting (see also (11)).
— Since the theory of boundary value problems for elliptic operators is well understood, we know that
the single condition (4) on the boundary @£1 of a bounded domain f! guarantees the unique solvability of

the equation (1) in £L. Is this uniqueness preserved in the hypoelliptic model as well for a suitably chosen

replacement of the boundary condition (4)? The case of the second order operators is favourable from this
point of view due to the validity of the maximum principle, see Bony [1]. The Dirichlet problem has been
considered by Jerison [9]. The answer in the case of the boundary value problem in our setting is given in
Theorem 2.1.

We now describe the setting of this paper. The Heisenberg group Hy-1 is the space £71 = [ with

the group operation given by
(€29 1) = (¢ +mt+7+2imin), (5)

for f{g,t), (n,T) € €~ x B. Writing § = x -+ i35 with x5, ¥;, ) = 1,...,n — 1, the real coordinates on

[}, -1, the left-invariant vector fields

L @ ¢

}L:f= _.F+2}rj—arl‘.}=1_,..._,'H__-1_|
g

E;F = _a?{;-'_ 233_33:;: Ln—1,

form a basis for the Lie algebra 7,-1 of H,_4.

On the other hand, l;-; can be viewed as the boundary of the Siegel upper half space in T*,
Hyoq = L6z, €0 Imz, = [{|2 ¢ =02y ;ue, Zu_g )} Parameterizing Hy_y by z ={{ ), where
E,-;t=Rez,, a basis for the complex tangent space of Eg-1 at the point Z is given by the left-
invariant vector fields

K=+ B =1 1
iT g w0t

We denote their conjugates by &y = &= i_ — 122 The operator
B at

Llap = ;‘-‘:—J’_‘{ﬂéf}-l} + bJL}Xj},m +bh=n—-1, (6)

is a left-invariant, rotation invariant differential operator that is homogeneous of degree two (cf. [3]). This
operator is a slight generalisation of the standard sub-Laplacian or Kohn-Laplacian | |x on the Heisenberg

group ,,_; which, when acting on the coefficients of a (0; q)-form can be written as

Lk —

n—1

1

) (= 1-) K K+ qX; ).
=1
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Folland and Stein [4] found that a fundamental solution of the operator | |5 is a constant multiple of

1
(et F12 38 (el £ 208 )

g(z) = &(g,t) =

and defined the Newton potential (volume potential) for a function f'with compact support contained in a
set Q€ H,_4 by

ufz) = §FLEIEE22)av(E), (8)
with dv being the volume element (the Haar measure on H,_), coinciding with the Lebesgue measure on
C®=1 % W. More precisely, they proved that

: a.bU = Cgp fi

where the constant €. is zero if aand b=-1, - 2,..., n, n+1,..., and €z + 0if @ or b# -1,-2,..., n,
n+1,... In fact, then we can take

_ 2(a®+ &% )WVol(By) {n—1)
bop = (2i)7 afa —1).{a—n+1)

(1 — exp(—2iamn))

for ag Z, see the proof of Theorem 1.6 in Romero [15]. Similar conclusions by a different methods were
obtained by Greiner and Stein [8]. For a more general analysis of fundamental solutions for sub-Laplacian
we can refer to Folland [5] as well as to a discussion and references in Stein [20].

In the above notation, the distribution cop £ - is the fundamental solution of |z, while £ satisfies
.

the equation
: b E= gk a. (9)

However, although we could have rescaled & for it to become the fundamental solution, we prefer to
keep the notation yielding (9) in order to follow the notation of [4] and [15] to be able to refer to their
results directly.

In this paper we assume that €ap * @,, ie. both a and & # —1,—2,...,m,n+1,.... In addition,
without loss of generality we may also assume that &, & 2= I,

Now, in analogy to the elliptic boundary value problem (1)-(4) for the Laplacian A in B®, we con-
sider the hypoelliptic boundary value problem for the sub-Laplacian | ;3 on H,_;, namely the equation

Llap¥ =y [ (10)

in a bounded set Qc -1 with smooth boundary @, The aim of this paper is to find a boundary
condition of the Newton potential u on &fL such that with this boundary condition the equation (10) has a

unique solution, which is the Newton potential (8).
Basing our arguments on the analysis of Folland and Stein [4] and Romero [15] we show that the
boundary condition (4) for the Laplacian in B2 is now replaced by the integral boundary condition (5) in

this setting, namely by the condition

(Cap — H.R(DDu() — [, 2(& 20 (VP2ulE), dviEN + pov.Wu(z) = D,z € 80,

on the boundary @fl, where H.R () is the so-called half residue, and where the second and the third term
can be interpreted as coming from the suitably defined respectively single and double layer potentials S
and Wfor the problem. See Section 2 for the definitions and the precise statement. In Section 2 by using
properties of fundamental solutions we construct a well-posed boundary value problem for the differential
equation (10) with the required properties.
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The Kohn Laplacian. Let {1 T H,_; be an open bounded domain with a smooth boundary
gL € C™. Consider the following analogy of the Newton potential on the Heisenberg group

ufz) = [ Aes Dav(D e, (11)

where g(#,z) = g(£71z) is the rescaled fundamental solution (1.7) of the sub-Laplacian, satisfying (1.9).

As we mentioned u is a solution of (10) in Q. The aim of this section is to find a boundary condition for u
such that with this boundary condition the equation (10) has a unique solution in €={{1}, say, and this

solution is the Newton potential (11).
We recall a few notions and properties first. For z = ((t) € K,-;, we define its norm by
lz|: = (| |*+]t |2}:. As any (quasi-)norm on [, _;, this satisfies a triangle inequality with a constant, and

allows for a polar decomposition. For 0 <a<1, Folland and Stein [4] defined the anisotropic Holder spaces
[2{Q} by

T (R} =1fil =0T sup _lflzi}—ﬂ—,_ﬁzﬂl < oo
= - 1) |35'3J
FaP By
For k €M and 0 < a < 1, one defines [z, {Q} as the space of all f: Q — C such that all complex
derivatives of f of order k belong to [, {Q}.
A starting point for us will be that if f €T () for @ < 0 then u defined by (11) is twice
differentiable in the complex directions and satisfies the equation _|gsU = €gz f. We refer to Folland

and Stein [4], Greiner and Stein [8], and to Romero [15] for three different approaches to this property.
Moreover, Folland and Stein have shown that if f €giflloc) and | ap¥=¢c,3f, then

F €T gaz(f]oc). These results extend those known for the Laplacian, in suitably rede ned anisotropic

Holder spaces.
We record relevant single and double layer potentials for the problem (10). In [9], Jerison used the
single layer potential defined by

Sogiz) = [3pg(8)=(8,2),d5(),
which, however, is not integrable over characteristic points. On the contrary, the functional

5g8z) = [ oo (8=(E, 2)(X;, dv(E)),

where {X},dv) is the canonical pairing between vector fields and differential forms, is integrable over the
whole boundary @€L. Moreover, it was shown in [16, Theorem 2.3] that if the density of g(§) (X;, d} in

the operator S is bounded then 5g € [ (H,_4) for all& = 1. Parallel to S, it is natural to use the
operator

Walz) = [ ()02 (¢, 2), dv (D)) (12)

as a double layer potential. Our main result:
Theorem 2.1. Let &{f,z} = (£ ~1z) be the rescaled fundamental solution to gz, so that

LapE=ctgpd on Hy_q (13)
for any f €T'g{f2), the Newton potential (11) is the unique solution in £%(Q)N € J"E:ﬁ) of the equation

gyt =Cap f (14)
with the boundary condition
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(Car ~ HR@WED + U Loy +ofegu@V2 2,2, 0 () 15)
[ st (g a@ =0,  mmzem
&n
where H:R(z) is the so-called half residue given by the formula
HR(2)= B0 [ gpgfpmsats) (VRO E(E, 2], dwlED), (16)
c
n—1
'F“'*hg = {RX}-‘Q Xj- -+ E‘XIQE@'}
Ji-1

The half residue H.R.(z) in (16) appears in the jump relations for the problem (14) in the following
way. The double layer potential Wu in (12) has two limits

W*ulz) = Jigy 5 ,ulENV? a(¢,20), dv(E))
EpELL

and

W™u(z) = Jim § o)V 2, 2), dv()),
Zan

and the principal value
Wz} = pow. Wulz) = lim J B\ ne J}n{ﬂ(?ﬂ'b £(&,z),dv($)).

We note that this principal value enters as the second term in the integral boundary condition (15). It
was proved in [16, Theorem 2.4] that for sufficiently regular u (e.g. u £ [z{f0}) and z € 30 these limits

exist and satisfy the jump relations
Wiz} — wW-ulz) = c pul2),
Wo%ulz) - W—ulz) = H.R.(z)u(z),
Wulz) - Wouiz) = (cop — H.R.AD Juld), (17)

the last property (17) following from the first two by subtraction.
Proof of Theorem 2.1. Since the solid potential

wlzh = [, u(E)TEe (s, 2), av(E)) (18)

is a solution of (14), from the aforementioned results of Folland and Stein it follows that u is locally in
[.220l0oc) and that it is twice complex differentiable in Q. In particular, it follows that u

€ o) n cH),

The following representation formula can be derived from the generalised second Green's formula
(see Theorem 4.5 in [15] and cf. [15]), for u € €3N fi'l:f_‘l:i we have

Cap ulZ) = €0 [ FIENEE,2),dVEDY + [opulddVoee(s,2), dv(E)) (19)
~ [3n N VER U, 2), d(E)) for any z € 0.
Since u{z) given by (18) is a solution of (14), using it in (19) we get
[ aquelgdVaP £(£, 20), dv($)) — I3, (&, )T u(gddw(#)) = 0 (20)

— 3 ——
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for any z € (1
It is easy to see that the fundamental solution, i.e. the function £(z) in (7) is homogeneous of degree
-2n+2, that is

eld, ) = 372 o(z) = A~ 2¢(Z) for any A= 0,

since @ + & =mn— 1. It follows that and its first order complex derivatives are locally integrable. Since
giF,z) = e{¥~1,2), we obtain that as z approaches the boundary, we can pass to the limit in the second
term in (20).

By using this and the relation (17) as Z & 11 approaches the boundary @1 from inside, we find that

(€an -H.R{zulz) + éi_1;r|1} I s llf-ea }“(,f}{ya,b s(t, 2),dv(£)) @
= [ g8t ZHVPC u§ e 0)=0, for any 2 € B0

This shows that (11) is a solution of the boundary value problem (14) with the boundary condition

(15).

Now let us prove its uniqueness. If the boundary value problem has two solutions u and 14, then the
function w = u— u; € C¥{0Y M c1(0Q) satisfies the homogeneous equation

Llax¥=0inQ, (22)
and the boundary condition (15), i.e.

Cat - H RN + I Lo 5wy WCEHT22 5, 2),00(ED) — 1€, HTo2w(B)ae(2)) = 0
(23)
for any z € 411,
Since [ = 0 in this case instead of (19) we have the following representation formula

Cau Wiz} = [ 5owlE, T2 e(E)du(E))— | gpeld D VEEw{E1dv(S)) (24)

for any z € &L As above, by using the properties of the double and single layer potentials as z — &L, we
obtain

CapWlz) = Cap-H.R(ZDW() + ooy pr oy o gwl)7o2 (¢, 2), av(Z)) —

[ ane(& 2 (ToEwiE)du(E ) (25)

for any z€ d{l. Comparing this with (23) we arrive at
wiz} =0,z €30, (26)

The homogeneous equation (22) with the Dirichlet boundary condition (26) has only trivial solution
w =0 in Q. This shows that the boundary value problem (14) with the boundary condition (15) has a

unique solution in C2{Q)} M C L{f1). This completes the proof of Theorem 2.1.
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. Cyparan
KP BFM Maremaruka »oHe MaTeMaTHKaJIbIK YITiIey HHCTUTYTHI, AnMatsl, KazakcTan
TEW3EHBEPT I'PYIIITACBIHJIAFbI JIOKAJIIBI EMEC IIEKAPAJIBIK ECEI
Annoranus. JXymeicta [eiizeHOepr rpynmachlHIAFEl IIEHENTEH TEric OONBICTa JOKAIIBl eMeC IIeKapalbIK

mapttel Ko Jlammac TeHaeyiHe KUCBHIHIA MIEKpaNBIK ecedl KypacTHphUIIEL. JKoHe Ie Ke3 KelTeH IICHEeNTeH TeTic
00JIBICTA AJIBIHFAH [IEKAPAIBIK €Cell aKbIH TYP/E IICIIUICTIHIIN KOPCETUIII.

Tyilin ce3aep: mokanasl eMec mekapansik ecer, Kon Jlammacsl, ['eii3en6epr rpymmacsl.
. Cyparan
HHcruTyT MaTemMaTHku 1 MatemaTuieckoro moaenupoBanusi, MOH PK, Anmatsl, Kazaxcran
OB O/IHOM HEJIOKAJIBHOM KPAEBOM 3AJIAUYE HA I'PYIIIE T'EM3EHBEPT A
AHHOTauu. B cratbe packppiBaeTcs NOCTPOCHUE KOPPEKTHOM KpaeBoi 3aaaun s oneparopa Kon-Jlamnaca
C HEJIOKAIbHBIM KpPaeBBIM YCIIOBHEM B OTPAaHWYCHHOW IITagKoi obimactu Ha rpymme ['eiizenOepra. A Taxke IMmoka-

3aHO, YTO KpaeBas 3a/1a4a pelraeMa B SBHOM BHJIE [UIA JTFO00H OrpaHUYeHHOHN TI1aIKkoi 001acTu.
KuaroueBble ciioBa: HenokasbHas, KpaeBas 3ana4ya, Kon Jlamiaca, rpynna I'eitzenoepra.
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