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ITERATIVE METHODS
FOR SOLVING DIFFERENCE EQUATIONS

Abstract. In this paper some iterative methods for solving differential equations with partial derivatives are
presented. In the course of solving this problem, we used the difference method and a grid pattern type cross.
Numerical results obtained by the program and the results are analyzed.

The idea of the method is that fine grid problem is solved by the usual iterative method once and then from the
resulting solution by converting obtain a solution on the coarse grid. And using a conventional direct method gets the
error solutions on the coarse grid. Then, using the inverse transformation error of the solution to obtain a fine grid
and add it to the previously obtained decision on a fine grid.

One way of solving stationary elliptic problems, including the problem, is their reduction to the decision of a
fictitious non-stationary problem (hyperbolic or parabolic), the solution found that for sufficiently large values of the
time it is close to the solution of the original tasks. Method is actually an iterative process of solving the problem
with the conditions, and at each iteration of the unknown function values obtained by numerical solution of an
auxiliary problem. In the theory of difference schemes it shows that the iterative process converges to the solution of
the original problem, if there is a steady-state solution.

Key words: solution, iterative methods, equation, node, pattern.

Introduction. For the solution of the difference of the Dirichlet problem for the Poisson equation in
a rectangle the most economical are direct methods. Currently, there are routines in the algorithmic
language for solving Laplace equations in a rectangle with boundary conditions of the three types, as well
as with mixed boundary conditions. However, in the case when the domain is not a rectangle, or consider
equations with variable coefficients, iterative methods are applied. In fact, the direct methods are
economical only when the variables are separated.

Consider the theory of iterative methods for the equation Ay = @, Ay =@, where A=A" >0.

Comparison of different methods was carried out for a model one-dimensional problem on the interval
0<x<1:

y- =—f(x), x=ih, 0<i<N, y, =y, =0.
0<x<1:

y;X:_f(x), x=ih, 0<i<N, y, =y, =0.

For it the operator has the form. The boundaries are determined by the operator constant
4 . ,mh 7h
8 =—sin’ —, A =—-cos’ —.
h 2 h

The number of iterations for the considered methods depends on the relation

— 10 ——
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—é—t 2_~722h2
T=ATE R

Let us now consider as a model two-dimensional Dirichlet problem in the unit square on a square
(l1 =L, =1 =1, = 1) grid withastepof h=h, =h,:

)

Ay==yi. Vi, =P @, yeH. 2)

The number N of intervals in each direction is equal, so that #=1/N.
Limits 0 and A A operator found in attitude 7 = &/ A coincides with (1). This implies that the

number of iterations is not dependent on the number of measurements (if 4, # h, [, # 1, it is weakly

dependent). Therefore, those estimates of the number of iterations of the various iterative methods that we
have received for the one-dimensional model problem, valid for the two-dimensional case.

In the case of non-square grid number of iterations for the two-dimensional problem can be different
from the number of iterations for the one-dimensional problem.

We consider here only the alternating triangular iterative method for solving the Dirichlet problem of
the difference (2).

Statement of the problem. Referring to the problem (2). The operator 4 isasum 4= 4, + A4,

Where Aly:J;;‘ +J;li, Azy:—J;lx‘ —);li
1 2 1 2

and set D = E . Pairing 4,and 4, : 4, = Al* established by comparing their matrices or by using the first

3

difference of Green's formula: (A1 v, 1)) = (y, A/ 1)) = (y, Azl)).
To obtain the equation determining By,,, = (E +w A4, )(E +wA, )y re = Fr,

FR:ByR+TR+1(AyR+¢) (Vr = 4, yR:()xe]/h)
Values y,,, are consistently from the equation

Hence we obtain the formula Hence we obtain the formula

(1) (1)

- () Z1JO/R (il_lﬂiz)"')(z;’ze (i1»i2_1)+FR(i19i2)

r k)= (I+x+1) ’
w 0]
Zl :ﬁa /,{2 :h—zz,
° o . (1)
;/R+1(i1,i2): ZlyR“(il +1, i2)+)(2 yR+1(ilaiz +1)+yR (il’iz) ‘ 3

(+2+1,)

. (1)
To identify y, (il, I ), select a node 7, =1, i, =lin the left rectangle; Then the remaining two
nodes (il, i —1) (il -1, iz)and {(il, i ), (il -1, i, ), (il, i —1)}template are on the

o (1) o (1) ()
boundary and, therefore y (i1 -1, i2)= y (il, i, — 1) = 0 known. Knowing y, when i, =1, i, =1




Hoxnaovr Hayuonanwvroii akademuu nayk Pecnybauxu Kazaxcman

- (1)
successively y, find i, =2,3, ...,N, —land i, =1when (the first line). Next i, =2, think and find
() .
Y, the series on the second line at 7, =1, 2,..., N —1. To determine to y,, perform calculations

{(il, I, ), (il +1, 1, ), (il, I, + 1)} on the template in columns from top to bottom: fix
=N -1, N, -2,...,2,1, and at eachi; changei, =N, -1, N, —2,...,2,1. Starts counting y,,

from the node (l'1 =N,-1, i,=N, —l)in the upper right corner. It should be y,  noted that the

account can also be conducted in rows from right to left :fix i, = N, —=1, N, —2,...,2,1 and at eachi,
(1)
changei, = N, -1, N,-2,...,2,1. However, the calculation y, can be carried out not by rows and

columns upwards. It can be seen from the formulas themselves.

The calculations are carried out by the recurrence formulas (11); Account apparently stable. An
algorithm of this type, as already noted, an algorithm called the running computation.

We count the number of arithmetic operations per grid point: calculation requires 10 additions and 10
multiplications; for a given computation requires 4 operations of addition and multiplication operations 6.
Total required for the determination of a single node to spend 14 additions and 16 multiplications. The

number of operations can be reduced when storing in memory not just one but two sequences {y R}and

{WR " } for determining y,,, the use of the algorithm
(E +w A4, )WR+1/2 =Ay, + 1, (E +wA, )w;m = Wr+/2,

Ve = Vet Tru WrL

In this case, the transition y, from y,,, a fairly 10 additions and 10 multiplications per node.
For example, Find a continuous function u (X, y) satisfying the rectangular area
2 2
Q={(x, y){OSx <a0<y<b} within the Laplace equation Ay = %+% =0 and taking on the
X
boundary of the set values Q, u(0,y)= f,(v), ye[0,b]. u(a,y)=f,(y), yel0,b],
u(x,0) = f3(x), x €[0,a], u(x,b) = f,(x), x €[0,a],

wherefy, f5, f3, f4 - given functions,
fi=y.fo=y+ef; =e* f, = e*1.We assume that u (x, y) is continuous on the boundary Q, etc.

£0)=£:0) £16) = £,00): f2(0)= fy(a). fo(b) = fy(a)- Choosing steps h, 1 x and y

respectively, we construct a gridx;, =ik, i =0,l,...,n, y; = jl, j=0,1,..,m wherex, =nh =a,

2 2
. . . u ou .
¥,, =ml =b. Introducing the notation u; = u(x,, yj), we approximate 8_2 and W the partial
X Y
derivatives in each internal node of the grid central second order
O%u Uy —2uy +u,
i A R YO
ox h
2
u. ., —2u.. +u. . ) ) ) .
0"u — bt td hj-1 + 0([2) and replace the Laplace equation finite-difference equation
oy* I?
Uiy, — 2“;’,’ tu; N Uj a1 — 2“;’; TU; 0 @)
2 2 -
h [
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i=1,..,n—1j=1,.,m—1 Accuracy replacement of the differential equation is of the difference

O(hz) +O(! 2). Equation (4) together with the values in the boundary nodes form a system of linear
algebraic equations relatively to approximateul-j values of u (x, y) at the grid points (x;, yj). The
simplest form of this system is at:

uy =Wy +u,; +u, )/ 4 (%)

J b,j+
Uiy = f3(x;)s gy = f4(X;) :fl(yj)’ u, :f2(yj)’

i=l.,n—-1,j=1.,m-1

T U

Upon receipt of the grid equations (5) was used circuit nodes shown in Figure. The set of nodes used
to approximate equation at a point called the template. This paper uses the template of the "cross".

Y
‘ i1
jt 1. T
J —
. )]
j—1 T
0 i—-1 i i+1 a x

Numerical solution of the Dirichlet problem for the Laplace equation in a rectangle is to find

approximate values uij of the unknown function u (X, y) in the internal nodes of the grid. To determine

uij the quantities required to solve a system of linear algebraic equations (5).

In this paper, it is solved by the Gauss-Seidel method, which consists in building a sequence of

. . (s+1) _ 1 (s+1) (s) (s) (s+1)

iterations of the form U; = = Z(ui—l,j Fu g Ut U ) U If s —> 00 the sequence ”;'S)
converges to the exact solution of the system (5). As a condition to the end of the iteration process can
take

max‘ulg.s) _u;s+1)‘<g, 1<i<n-1,1<;<m-1.

Conclusion. Thus, the error of the approximate solutions obtained by the grid method, consists of
two errors: errors of approximation of differential equations by difference; error arising from the
approximate solution of the system of difference equations (5). It is known that the difference scheme
described here has the property of stability and convergence. Stability of the scheme means that small
changes in initial conditions lead to small changes in the solution of the difference problem. Only such
schemes should be applied in the actual calculations. Convergence of the scheme means that as the grid
spacing to zero (p — 0), the solution of the difference problem tends in some sense to the solution of the
original problem. Thus, by choosing a sufficiently small step h, can be arbitrarily accurately solve the
original problem.
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J. X. Kynycona', K. X. Kynycon’

' AGait aTeIHAAFB! Ka3ak YITTHIK IMeJaroruKaiblK YHUBepcUTeTi, AnMatel, KazakcraH,
2 AJIMaThI SHEPIeTHKA XKOHE GailaHbIC yHuBepcuteTi, Anmarsl, Kazakcran

TOP TEHAEYJIEPIHI UTEPAIMSAJIBIK SICIIEH HIBIFAPY

AnHoTanus. Makanana aepOec TybIHABUTHL AuddepeHnnanapl TeHAeyIepai MeNIyAiH UTepausuIbIK dicTepi
KapacTeIpsUIFad. Ecenri menry GapbicbiHna 613 ailbIpbIM MEH KpPEeCT-TOPBIH KOMAAaHABIK. KoMImbroTepiik mporpam-
MaMeH aJIbIHFaH HOTIDKENep capaiaH/ibl.

Byn omicte Topmarel Mocene KapamaibiM OOJBIN MICTIIE ] /e, OHBI KYPAETi TOpFa ayblcThIpansl. OmaH Keiin
KaparaibiM TOPMEH KypAesi TOpApl 0ip-0ipiMeH JKaJFaiIbl.

By opic miekTik ecenrtepai mbIFapy 0apbIChIHIA KONTEN KOJAaHbuIaAbl. bepiireH ecenti KapamnaibiM ecentep
TYpiHE KEJTIPIN ajbll, COMaH KeiiH KIOepUIreH KaTaMKTepai eCKepe OTPBIN OEpiireH eCeNnTiH IICHIiMiHe KaKbIH-
naraapl. by onic anberre OipHelle UTEepalUsiHbl YHBIMIACTBIPYMEH XKY3ere acaibl. OpOip UTepauusiarsl allbIHFaH
LIEIIIMIe aJIBIHFBI KaJaMJarbl MIeMIiM dcep €Till OThIpaibl. AJIBIHFAH IIEIIiMAEP/IH KUHAKTBUIBIFBIH JQJIeNel
Oiry Kepek.

TyiiiH ce3aep: memnim, ATSPaIsUTBIK Kagamaap, Top, TYHiH.

J. X. Kynycoa', K. X. Kynycos’

'Kaszaxckuil HalMOHATBHBIN NEAarornyecKuit yauBepcuteT uM. Abas, Anvatsl, Kazaxcran
% AnIMaTHHCKH YHHUBEPCHUTET SHEPreTUKH U CBsI3H, AnMmarhl, Kazaxcran

UTEPAIIMOHHBIE METO/Ibl PEIIEHUS CETOYHBIX YPABHEHUI

AnHoTanus. B craThe HEKOTOpHIC UTEPAIMOHHBIE METOIBI U pemeHus nuddepeHInaIbHbIX YPpaBHEHHN C
YaCTHBIMU NIPOM3BOJHBIMU. B Xone pemeHus 3Toi mpoOIeMBbl MBI WCHOIB30BAIM METOJ PA3HUIBI U KPECT CETKH
TUTIA PUCYHOK. AHATIM3UPYIOTCSA YHCICHHBIE PE3yJIbTaThl, TOJMyYSHHBIE C TIOMOIIBIO TPOTPaMMEI.

Wnes MeToia COCTOUT B TOM, YTO IpolsieMa periaercsi OObIYHBIM UTEPALMOHHBIM METOJIOM OJIMH pa3 U 3aTeM
U3 MOJY4YEHHOT'O PEIleHHUs MyTeM NMpeoOpa3oBaHus NONYyYUTh pelieHue Ha rpy0oi cetke. M ¢ moMoripio 00bIYHOTO
METOJ[a TPSMOTr0 MOJIy4aeT pemicHus o0 ommnOKax Ha rpy0oil ceTke. 3aTeM, UCMOJIb3Ys OOpaTHYHO OIIUOKY mpe-
00pa3zoBaHusl pPelIeHHs, YTOObI MOJIyYHTh MEJKYIO CETKY U TOOaBUTh €ro K IOJIyYeHHOMY paHee PelIeHHs Ha MeJl-
Kol cetke. OTHUM W3 CITOCOOOB PEIICHUS CTAIMOHAPHBIX JUTUNTHYCCKUX 33734, B TOM YHCIC W KPacBOHW 3a/auw,
SIBIIICTCSI UX CBEJICHHUE K PEIICHUIO HEKOTOPOH (DMKTHBHOMN HECTAIMOHAPHOW 3a7auydl (TUIEPOOIMYECKON Wil Tapa-
Oomrueckoil), HAICHHOE PEIIeHHEe KOTOPOM MPH JOCTATOYHO OONBIINX 3HAYCHHUSX BPEMCHHU t OJHM3KO K PEHICHUIO
HCXOHOM 3a1aun. Takol crioco0 pelreHns Ha3bIBaeTCs METOJOM YCTAaHOBJICHHSI. METOT yCTaHOBJICHHS (PaKTHICCKH
MIPEJCTABISIET UTEPAIIMOHHBIN MPOIlecC PEIIeHUs 3aJadll C YCIOBHSAMHE, IPUYEM Ha KaKAOH HTEpariyl 3HAYCHUS
HMCKOMOM (YHKIIUU TOJIYYArOTCSI MyTeM YHCICHHOTO PEIICHHS HEKOTOPOW BCIIOMOTATENbHOW 3amadu. B Teopun
Pa3HOCTHBIX CXE€M IOKa3aHO, YTO 3TOT UTEPAIIMOHHBIN MTPOIECC CXOAUTCS K PEIICHHIO HCXOAHOM 3a1auH, €CIH TaKoe
CTaIlMOHAPHOE PEIIeHUE CYIIECTBYET.

KiroueBblie cji0Ba: penieHne, NTEPaMoOHHBIA METO, Y3€J, CeTKa.
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