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METO/ PEJAKCAIIMOHHBIX SITIEP B MATEMATUYECKOHN
MOJAEJIA ITPOLECCOB IEPEHOCA U ATPEI' AN
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AnHoTtanusi. B cratke gaH OO030pHBIN aHANWM3 MaTeMAaTHYEeCKHX MOJeNel M ONHMCaHWs TeIlo- |
MaccomepeHoca M arperaloHHbIX TPOIIECCOB C IMOMOIIBI0 METOJa PEIaKCAIIMOHHBIX SIep MEPEeHOca, KOTOPHIM
OTKpPBIBAET HOBBIE BO3MOXKHOCTH [UIS [ETANBHOTO W3YYCHUS BIUSHHUS HEpapXuM BPEMEH pejakcalud Ha
HNHTCHCUBHOCTH BbICOKOCKOpOCTH])lX nu HaHO-MaC]_UTaGHI)IX TCXHOJIOTHYCCKUX HpOLIeCCOB.

KioueBble ciioBa: Macco- U TEIUIONEPEHOC, BPEMEHA pellaKcallid, pellakCallMOHHbBIE Spa, MEePeKPEeCTHBIE
a¢dekTsl, arperanusi.

THE RELAXATION KERNELS APPROACH
TO MATHEMATICAL MODELS OF TRANSFER
AND AGGREGATION PROCESSES

A.S. Muratov, A. M. Brener, L. Tashimov

South Kazakhstan State University,
5, Tauke Khan, Shymkent, 160012, Kazakhstan

Key words: Mass and Heat Transfer; Relaxation times; Relaxation kernels; Cross effects; Aggregation.

Abstract. The paper deals with mathematical models describing heat and mass transfer and aggregation
processes with the help of relaxation transfer kernels approach, which opens up fresh opportunities for detailed study
of influence of relaxation times hierarchy on the intensity of high rate and nano-scale technological processes.

1. Introduction

Consideration of relaxation times and long-range interaction of structural components of a medium is
a great practical and theoretical problem [1-3] that is relevant in cases of high rate or nano-scale
technological processes. The operation cycle of these processes is short, and the entire process may go on
under the transient regime. In this connection, resources of effective controlling such processes are
limited, and it is important to calculate correctly and select the best values of governing parameters.

Problems of modeling both high rate and nano-scale processes are in touch with construction of
equations with retarded or divergent arguments that reflects the actual mechanism of transfer phenomena
in the medium modeled as a system of interacting oscillators with a set of partial frequencies and
interaction potentials [2, 3].

At the same time, though realization of that investigation program is very tempting, it’s unlikely to
promise near creation of the reliable engineering methodology for calculating heat and mass transfer
processes. The alternative approach to the problem is the methodology of relaxation transfer kernels,
which can be calculated from model evolution equations [3]. In a few articles before we elaborated upon
this approach to modeling heat and mass transfer in high rate processes [3-8].

In this article we summarize briefly our results in the area of description of time nonlocality applied
to heat and mass transfer and try to develop this approach for describing time nonlocality in aggregation
processes. We concentrate our attention upon a problem of equations structure, touching on the problem
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of analytical solutions of government equations in the lesser degree.

2. Mass and heat transfer equations

2.1. Main concept

Relaxation transfer kernels are the kernels of integral transformations that, in the statistical theory of
dissipation processes, relate fluxes with thermodynamic forces [1]. The general structure of these relations
for components fluxes in a multicomponent system according this methodology is like that [6]

Ji(R,t)=J (Roty) + Y [[dt,dR'N (R, R',t,1,)F, (R',1). (1)
k=1

Limiting one self to the time nonlocality in the multicomponent system, one can write expressions
for the n linearly independent mass fluxes J; of components and the heat flux J, as

Zjdz N, (Rt—t )v(vk(R d )j J.dth[T(R,t—tl)V—zT, )
k=1 o 0 T
n v, (Rt t VT

Jr =—2JdtzNTk(Rat_t2)v( k(T Z)J_JdtzNTT(R’t_tz)F’ 3)
k=1 ¢ 0

where V; is a chemical potential; R - space coordinates; I’ - temperature; ¢ - time.

For a more compact description, let’s assumeV —1. Then, in expressions (2), (3), one can

n+l =
replace the subscript # by #n+1 and write a unified form for the mass fluxes and heat flux in the
multicomponent system.

n+l R.t
J, =3 [dtN(Ri-1, )V(Mj . @)
k=1 o T
Let’s also introduce notation for the integral terms
0 Rt
I = [dt,N (Rt -1, )v(%l)j. )
0

Now, instead of equations (2), (3) we get

n+l

=1, (6)
k=1

For calculating the relaxation transfer kernels we can use various approximations which are based on
information about the physical mechanism of the processes [1, 2]. However, the analyses of various data
[1, 2] as well as our own experience [4-8] allow us to submit the heuristic unified model equation for
relaxation kernels

N N +zzvr,k, %)

k#l

where, in order to be in agreement with the Onsager principle, it is assumed that 7;, =7, .
Of course, it’s impossible to warrant that form (7) is actually universal. But we shall consider
equation (7) as the base model for our further constructions.
The matrix of system (7) is symmetrical; therefore, all its eigenvalues are real. In this connection,

solution (7) can be represented as the sum of the forward and cross terms of the transfer kernels [6]:

N, =N, (®)
k=1

where all items are real exponents and N, = N, .
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As it is shown in [6] with the help of the above model we can infer the following relations for

integrals (5):
ol, v I
—* —p V| L |-k 9
o T [Tj T, ©)
where for isotropic medium we suppose [3]
Ny
ik — (10)
R
So then, as a result of the repeated differentiation of (4) up to derivatives of the (7 +1)-th order, the
0
Z
following relationships are obtained (where for any function—-= Z):
o"J, &« = o (&, Vv, /T) a1 1,
m =Z(_ l ml? an k/ ( 1) 12 m (11)
ot 5=0 Ty k=1 Tig

Thus, for each of the components we obtain a system which consists of (7 + 1) equations connecting
the component flux with its derivatives up to (n + 1) order inclusive.

The matrices M, of the obtained systems are not degenerate

_1ym-1
det M, :det[%}to. (12)
Tik

In this connection, from the (n+1) equations that are linear relative to integrals /, , one can

express all these integrals through the derivatives of fluxes J; and then substitute the obtained

expressions into equation (6).
As a result, one can come to the linear differential equation of the (7 +1)th order for the fluxes of

n+l n
L 0 {i ,ﬂ,...J[;vl,...,vn =0. (13)
ot""  ot"

each of the components [6]

where L is the linear operator.
The succeeding deduction is based on the conservation laws:

Wiy =0. (14)
ot

Acting on expression (13) by the nabla operator and using equation (14), we can obtain the
differential equation of the (7 + 2) th time-order for the potential of each of the components

n+2 n+l
L 0 (1:)’8 (‘:),. .,81/";vl,..,vn;Vzvl,u.,Van =0
ot T o o

(15)

The nonlinear generalization of equation (4) can be represented in a nonlocal quadratic form with
tensor kernels [6, 8]
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n+l
Ji - J.dthi(kl)(R,t—tl)-V[—Vk(R’tl)j_
k=1 T
(1 : (16)
n+l n+l y R’t
=2 2| Jdndt, NG (Rt =t,,1-1,):V Ve(Ro1) YoV, (Rota)
k=1 p=1 P T T
=tp=100

In the weakly nonlinear approximation, we can assume [§]

Ol = |l ar®
Vi) = el v

ikp

, (17

where ¢ is the series expansion parameter.
One can evaluate the small parameter & as the ratio of the two Knudsen numbers that are calculated
by two characteristic spatial scales for the elastic and inelastic molecular collisions, respectively [§8]

2.2. Examples

As the first example let’s consider mass and heat transfer in two-component systems like high dilute
solutions. In this case the cross fluxes may be disregarded [3, 4].

Thus we use simplest form of relaxation kernels

N,(R,t=t,) =1,(R,0)exp(=(t-1)/7,). (18)
Relations for mass and heat fluxes read

Jy = [de N (Rt =)V v(R,1), (19)
0
J, = [d,Ny(R,t=1,)VA(R, 1) (20)
0

Thus, operating under the above methods applied to an isotropic media we are led to the following
transfer equations of a hyperbolic type [3]:

o'v o ov

lez(l—ﬂglnmjgﬂhvzw (21)
o’ B 0 op

7, A> :(1_72 glnﬂzjgﬂhvzﬁ- (22)

The case of a non-isotropic media is also considered in [3].

Equations (21), (22) closely resemble transfer equations for media with memory that are presented in
[2]. It’s easy to check also that under the exponential relaxation kernel the heat transfer equation (22)
corresponds with the Maxwell — Kattaneo law:

2
+7—==-AVT, 23
q Td (23)
where
T:T—Z, ,1;#(1/7’2)_ (24)
0 o
1—T25772 I—ngﬂz

Under the relaxation times that are far less than the observation time the above equations can be
considered by the methods of singular perturbations.

The next example we consider is mass and heat transfer in diluted two-component systems with
allowing for cross effects like the thermal diffusion and the Soret effect [4]. Model system for the
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relaxation kernels reads

=—NT +Nr (25)

dh =N,r.' =N,z (26)

The choice of signs in equations (25) and (26) is determined by the conditions of coupling distortions
of the temperature and concentration fields [4].
The solution of equations (25) and (26) can be written in the form

N, =N, +N,,, (27)
N,=N,+N,,, (28)

= L X S)— L X K
N, —%_&Hﬂﬁ%]e p(4s) [ﬂﬁfmje p(4, )}, (29)

N, = ;tz /11 Kﬂz +_}J exp(4;s) — (/11 +TihjeXp(ﬂzS)} , (30)

N, =— T
7, (4, —4)
were A,, A, are eigenvalues of the system (25), (26).

Here:

N,, = [exp(4,s) —exp(4,5)], 31

From the condition of damping the perturbations in quasi-equilibrium systems it is readily available
that both eigenvalues should be negative. From this, one can obtain the inequality:

T, >.7,7, (32)

The time dependence of cross transfer kernels has a maximum. This phenomenon is caused by the
influence of thermal diffusion or the Soret effect [4, 8]. The peak of the time dependence of cross transfer
kernels determines the period of increasing initial perturbations of the temperature and concentration
fields. This period is easily evaluated [8]:

_In(4,/4)

[ /11 _//12
As it follows from (15) we can obtain equations of the 3rd time-order for heat and mass transfer in
the considered case.

Th=3S (33)

3. Aggregation Kinetic equations

Particles aggregation is widespread in different chemical technological processes, metallurgy and
nature, and there are many approaches to modeling this phenomenon [9]. At the same time, certain
important aspects in description of aggregation processes leave to be none elaborated at present. One of
these important but weakly developed questions is time non-locality of aggregation processes. Indeed,
without allowing for this aspect it is impossible to describe the influence of characteristic times of
aggregates formation on the process kinetics [10]. It is justified especially in reference to nano-
technological processes.

For describing the evolution of i-mers concentration in the apparatus we can use various
modifications of Smoluchowski or Becker-During equations expanded as required by terms which
correspond to a source of mass [11, 12].

This section deals with the non-local modification of Smoluchowski equation based on the approach
presented in the previous section. We don’t discuss here such especially physical problems as particles
nucleation, etc. But we try to understand and to emphasize some difficulties emerging in the act of
deriving non-local aggregation equations.

— §) ——
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So we submit the following non-local modification of the Smoluchowski equation for aggregation in
the uniform system'

i— 0

1
dt21

C . denotes the concentration of i -mer.

jj. N C)C(4)ddt, — ij,jC,(t )C;(t,)dtdt, (34)

In our case the characteristic times 7, ; of the aggregation of 7 and j —mers play a role of relaxation

times. The simplest model equation for elements of the aggregation matrix can be constructed by analogy
with model equation (6) for transfer kernels. We submit this equation as follows:

ON, . oN,. f’
H— A+ Ju N, =0, (35)
0s, os, T

where s, =t—1, 5, =t—1,
In equation (35) the coefficients 7; on a level with relaxation time 7, play a part of control

parameters of globules “inertness”, the parameter f answers for media and particles characteristics.
Independent integrals of equation (35) read

X S . 0 ‘
\Plzs_l——']; ¥, =N, exp[f s; | or W) =N, expl — S s

rT, P

Thus the aggregation matrix, satisfying equation (35) and coming up to the condition of fast

relaxation in time# >> 7, ;, can be written as

0
- s,
N, = exp 2o |5 % (36)
’ ’ 2r, |\ T
Let’s assume at the beginning 7; =7, =1 and—L f =a, ; =a=const.
- .
ij
Thus we have
dC, 1
I Eexp(_at)z M- A, = exp(_at)l3z77i,j12 . (37)
2

i—1 e

Here Z meansz z mean Z :Jexp(as/2)C_j(S)ds;

j=1 j=1

I, = Jexp(as/2)C (8)ds; I, = Iexp(as/2)C (s)ds
0

We didn’t find way to rigorous reducing equation (37) to an ODE form even in that case. However,
we try to simplify the problem by using asymptotic behaviour of integrals in (37). Namely, it is supposed
that for small relaxation times we can use Laplace method in the neighbourhood of the time point#. But
immediate substitution of the integrals expansions into equation (37) requires multiplying asymptotic
sequences. Such procedure is dangerous, as it may lead to utter loss of checking orders of approximation.

Therefore we rearrange the equations to the form which is free from a product of integrals:

d’C dC

1 at at
ara b= Eexp(— EJZ . (ClL+C_I,)- exp[— ?){q;m L+ g;m jcj} . (39)

Using then Laplace method we obtain the understandable asymptotic relations in which the orders of
equations and approximations are concerted
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2 at 1 4 (a)dC,_, dC, (0)
I(l) -~ Zlc (H-C (0)]|-— ub i-j i—j , 39
'og {GXP( 2 ] -0 =G )_ a’ _exp{ 2) dt dt 39)
2 at 1 4 (a)dC, dC.(0)
IO = ;{GXP(_Z jCj (t)—C_,»(O)_ —— _exp(—z j_dtj _—cjlt }, (40)
2 at 1 4 at\dC, dC.(0)
IO == = lc@®-C(0)|-— Rl fuchd B A2 41
3 a{exp(z) () —C( )_ e _exp(z) " " } (41)

As a result we get
d’C, dC, 2 1d 4 1d
Lyg—L== o 1C.C_.———(C.C._)|—— | C.C.———(CC)) |-
dt2 a dt azl:nj,l_l[ J =] adt( J l_]):| aznl,Jl: tJ Cldt( J ]):|

2

_lexp(— %’jznj,i_j[cj(q_j(o) _2 w J +C,_,| €,00)- 2 dcj(o)ﬂ .\ -
a 1

a a dt

2 at 2dC,(0)) ~2dC(0)
+;exp[—?j§ni,{c{cj(0)— ” ] Cj(Ci(O) P ﬂ

a

Let’s consider now the general case.
The evolution equation reads

dc, 1 4 . I
Ttl = EZUj,i_j exp(—(gﬁ»f,-)_j + gﬁ,_],) )t)1112 - Zﬂi,j eXp(_(gi(,j)' + g;,Jj‘))t)I3I 5 (43)
1 2
. a : a
Hereg,, =—:g,), = -
i J
t
1, = [exp(gl:)9)C,_ (s)ds s 1, = [exp(gl/) $)C, (s)ds ;
0

t

!

I, = [exp())s)C,(s)ds s 1, = [exp(g(}s)C,(s)ds
0 0
By time-differentiating the evolution equation we obtain

d’c. 1 . L . o
dtzl = Ezllnj,i—j {_(gﬁ‘{i)—j + g;,i—jj)')exp(_(gﬁ‘{i)—j + g;l—jj) )t)lllz +

B

> 148" + g exp(~(g!) + g NN LI, +
2

(@) )

+exp(—(g)) + g’)exp(g))C 1, +exp(g 1) CI5]}

Unlike the first case we can’t now get rid of the products of integrals with the help of equation (34).
That is why we are forced to resort to separate averaging of sums containing 7,7, and /;/, [10].
There are not indisputable grounds for such procedure but we assume that (44) can be rewritten in the
following form using coefficients A, and B, as functions of time?:
d’C ]
ar’
+B,> .1, exp(~(g}] + g/ IOLL, + @.
2

I ) 4 gl
- _EAtZUj,i—_/ exp(—(gy; + & IO, +
1 (45)

Here

— Q4 ——
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=—Zf71, exp(—(g¥) + g nlexp(g N C, 1, +exp(g!) )C 1,1+

(46)
+Ze><p( (g + g Hnlexp(g)1)C, 1, +exp(g,)t)C.1,].
By repeated time-differentiating we get
a’c, 1 :
— L= A4 - 277,,, exp(~(g\L, + g LI, ~
dt 2
(47)

i do
_(Blz jznlj Xp( (g()+g1 )t)1314+5‘

The scheme of subsequent transformations is like that.
1. From (43) and (45) we infer the expressions for sums containing 7,7, and /,/,.

2. Then we substitute these expressions to equation (47) and use asymptotic relations for integrals
once again.

By realizing this clear scheme we obtain the three-order ODE of rather unwieldy form, and it is no
need to presenting this equation here.

In any case, it is possible to conclude at once that account of an interference of non-simultaneous
perturbations of i-mers concentration field may be important on close examination of aggregation
processes. This shade was missed in our work [10].

4. Conclusion

In this paper we submit a brief introduction to the problem of time nonlocality both of mass and heat
transfer and aggregation processes. In essence, here we give only formulation of the problem and then try
to show that the relaxation kernels approach may be advantageous for deriving governing evolution
equations with accounting of hierarchy of relaxation times.

Now it has become evident that transfer equations based on the Fourier and Fick laws don’t give an
adequate description of high rate or nano-scale technological processes. As for aggregation processes, an
importance of accounting relaxation phenomena is obvious. In this paper we didn’t submit results of our
numerical experiments because these results were dependent on the form of a static part of coagulation

kernels7;; ;, but discussion in this problem was not our goal here. Some results of these experiments can

be found in our works [10-12, 13].

The approach of relaxation transfer kernels can be tested for modification of the Becker-Diring
aggregation-fragmentation equation too [14, 15]. It may be interesting also to consider the problems of the
gelation behaviour and other dynamical phenomena in the systems described by new evolution equations
[16-18].

In our opinion, the relaxation kernels approach may be considered as the unified method for creating
engineering models of transfer and aggregation processes [19, 20]. We think, this problem merits closer
inspection of investigators.
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TACBIMAJIJIAY 'KOHE ATPETAIIASIIAY IMPOLECTEPIHIH MATEMATHKAJIBIK MOJIEJITH/IE
PEJTAKCALMSLIBIK SIIPOJIAPBIHBIH OICI

A.C. Myparos, A.M. Bpenep, JI. Tamuumos
Onrycrik Ka3akcran memnekertik yauBepcureti, [lIsiMkent, Kasakcran

Tyiiin ce3mep: Macca jXoHE JKbUIy TachIMaiuzay, pefiakcalusi yakbITTapbl, peNaKCalUsUIBIK SApOJap, KHBLIBICY
TUIMALTIKTEp1, arperamus.

AHHoTanus. Makanazna >KOFapbl >KbUIIAMIBIKTEI )KOHE HAaHO-MACIITaOThl TEXHOJOTHSJIBIK TMPOLECTEPAiH WHTEHCHBTLIITIH
pelaKCcalusUIbIK YaKbIT HEPAPXUCHIHBIH OCepiH O6JeKTen OUTIN INbIFyFa jKaHa MYMKIHIIKTEp/i amaThiH, PelaKCaIisuIbIK
SIIpOJIAp TackIMAIIay OMiCIHIH KOMETIMEH XKBUTY KOHE Macca TachIMaNay Ikl )KOHE arperanusuiblK MPOIecTep/Ii CHIIATTAy YIIiH
MaTeMaTHKAaJBIK MOJICIICPIH KaMbuiail Tayaay OepiireH.
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