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NUMERICAL INVESTIGATION OF FINGERING
PATTERN FORMATION DURING THE FLOW
OF TWO IMMISCIBLE FLUIDS IN A CHANNEL

Abstract. In this paper we numerically investigated the fingering pattern formation in the unstable interface
between two immiscible fluids during the flow in the channel. The relation between finger width and capillary
number is investigated in this paper, and compared with work [6]. Also in this work the transition from rivulet-type
finger to wedge-shaped finger is investigated for different values of surface tension. All numerical calculations are
performed using Gerris program [7].

Keywords: flow of two immiscible fluids, contact line, contact angle, capillary number, fingering pattern, slip
boundary condition, volume-of-fluid (VOF) method.

Introduction. Two immiscible fluids flow can be found in many different situations; some cases in
which it plays a central role are the spreading of adhesives, the flowing of lubricants into inaccessible
locations, the coating of solid surfaces with a thin uniform layer of liquid, the displacement of oil by water
through a porous medium, etc. One of the phenomena which occurs in the two immiscible fluids flow is
the fingering pattern formation in the interface between fluids. This phenomenon can be observed in the
pressure-driven flow of two immiscible fluids in a channel (see fig. 1). The experiment [1] shows that
even if the interface between fluids is initially straight, it quickly deforms, resulting in the formation of
finger-like structures. The instability leading to this pattern is referred to as fingering instability. Two
types of fingering shape can be observed in the experiment: wedge-shaped finger and rivulet-type finger
(see fig. 1). Formation of fingering pattern can result in poor quality of coating or reducing oil production
by water displacement in porous medium, so investigation of fingering instability is important for
practical applications. There are exist many quantitative models of this phenomenon and one of the most
popular is the thin-film flow down an inclined plane [6]. In this model the linear stability analysis is
employed for lubrication-type equations to describe evolution of small perturbations in the interface
between two immiscible fluids and this model can’t be used for large deformation of the interface.
Nevertheless, this model can estimate the finger width of rivulet-type finger (see fig. 1). The finger width

depends on the capillary number:
1
~Ca ?, (1)

h,.,=h—h

layer finger

where Ca is the capillary number. It’s the ratio between viscous force and surface tension force:

Ca="c ga , )

where U, ¢ 1s the contact line velocity. In this paper we numerically investigated the fingering pattern

formation in the unstable interface between two immiscible fluids for flow in the channel. The relation
between finger width and capillary number is investigated in this paper, and compared with (1). Also in

— 26 ——
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this work the transition from rivulet-type finger to wedge-shaped finger is investigated for different values
of surface tension, and showed that the rivulet-type finger occurs only when [5]:

1
C=Ca 3tgf>1. (3)
All numerical calculations are performed using Gerris program [7].
a) b)

e NSNS,

Figure 1 — Fingering patterns in the interface between two immiscible fluids: a) wedge-shaped finger, b) rivulet-type finger

Formulation of the problem. We numerically solved the Navier-Stokes equations for
incompressible, two immiscible, viscous fluids flow in 2D channel:

%w.(pﬁa):—wwxzm, @

1 — —T
E=_(Vu+Vu), (5)
V-u=0, (6)

op -

——+V-(pu)=0, 7
FPRARCD) ™
,0=F,01+(1_F)P2’ ®)
p=Fu+(1-Fu,, ©)

where F’ is the parameter that identify a given fluid (i =1 or 2) is present at a particular location X :

F:{l, if x is in fluid i

: : : o (10)
0, if x is not in fluid i
If we substitute the equation (6) into the equation (5), we have that:
oF -
—+u-VF=0. (11)
ot

In order to find the shape and location of the interface between the two fluids, we use the volume-of-
fluid method [3] and advect this interface using equation (11). Equations (4, 6 and 11) are numerically

solved using the projection method on non-staggered grid [4] and the following boundary conditions were
used (see fig. 1):

1) Inlet boundary condition:

ou,

=0, 12
o (12)
v, =0, (13)
p., =1. (14)

2) At the walls of the channel:
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u, :/18—11, (15)
on

v, =0, (16)

P _, (17

oy
where A is the slip length and 7 is the normal vector to the wall. Here we used the Navier slip
boundary condition instead of no-slip boundary condition to avoid viscous stress singularity at the contact
line [2].
3) At the interface between two fluids — S:

[EL =0, (18)

——p+2,uﬁ-E-ﬁJS=ok, (19)
k=-V-n, (20)
—[2ut-E-n]g=t-V,o, (21)

where O is the surface tension, k is the curvature of the interface - S, 7 is the normal to the interface -

S, and ¢ is the tangent vector to the interface - .S .
4) Outlet boundary condition:

ou
o =, 22
o (22)
v,, =0, (23)
Pou =0. 24)

Results. The steady state solution of the equations (4, 6) with boundary conditions at the walls of the
channel (15 - 17) and with boundary conditions at the interface between the two fluids (18 - 21) can be
obtained by neglecting the viscous force on the interface between the two fluids (21):

_ _ 2 02
pin iozt pc(h Zy +ﬂ/h),

where p, is the capillary pressure. The value of capillary pressure can be obtained from Young-Laplace

U= (25)

equation and for 2D case (see fig. 1):

__ocost 26)
pc h °
The average value of (25):
o 2
gL P=P My 27)

ol 3

In this work we numerically validated the relation (1) for rivulet-type finger. To validate this relation,
we consider two cases: in the first case, the pressure difference between the ends of the channel is
constant, but the surface tension of the interface between two immiscible fluids is changed, and in the
second case, the surface tension is constant, but the pressure difference is changed. In the first case, the
velocity along the center line of the channel is linear depends on the surface tension (25, 26). Since the
contact angle - @ (see fig. 1) depends on the capillary number [2]:

1

0~ Ca’, (28)
—— 98 ——
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therefore the contact angle - & almost doesn’t change. As shown in fig. 2, the contact line velocity almost
doesn’t change too. In the second case, the velocity along the center line of the channel is linear depends
on the pressure difference between the ends of the channel (25), and as shown in fig. 3, the contact line
velocity also linear depends on the pressure difference between the ends of the channel. In fig. 4 is shown
the relation between the finger width and the capillary number, and this relation is almost matched with
the relation (1). Also in this work the transition from rivulet-type finger to wedge-shaped finger is

investigated for different values of surface tension. For surface tension 0 =1, the value C = 2,84 (3),

and for 0 =2, the value C =1,59 . The relation between finger width and contact angle is shown in

the fig. 5.

Conclusion. In this paper is numerically investigated the fingering pattern formation in the unstable
interface between two immiscible fluids during the flow in the channel. The relation between finger width
and capillary number is investigated in this paper, and this relation is reasonably good matched with [6].
Also in this work the transition from rivulet-type finger to wedge-shaped finger is investigated for

different values of surface tension, and is showed that this transition occurs only for C > 1 [5].

0.26 B LA rw 1 ———————
0.24 0.8
L 023 L 07
:()3 0.22 5 0.6
' 0.5
0.21 0.4
0.2 0.3
019 L— . . . < —
0.20.40.60.81 12141618 2 4 6 10 12 14 16 18 20
c gradp
Figure 2 — The relation between contact line velocity and Figure 3 — The relation between contact line velocity and
surface tension. pressure difference.
0.26 . T . . 0.24 . . .
when o changed —— c=1 ——
0.24 + when gradp changed 0.22 c=2 ——
0.22 0.2 |
02 0.18 |
g 018 | 5 016 |
< i<}
016 014 |
0.14 012 |
012 0.1
0.1 ' - : :
0.08 : : : . .
1 1.2 1.4 1.6 1.8 2 0 2 4 6 8 10 12
-1/3
Ca ig 0
) . . . Figure 5 — The relation between finger width and contact
Figure 4 — The relation between finger width and capillary angle.
number.
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KAHAJIJAFBI EKI APAJTACHAMTBIH CYHBIKTAPJBIH AFBICTA CAYCAK TOPI3/I
AFBIC ®OPMACBIHBIH MAJA BOJY NPOLECIHIH CAHJIBIK 3EPTTEYI

AnHoTanmsi. OcChl >KYMBICTAa KaHAIJAFbl €Ki apajacHaiThIH CYHBIKTapIbIH aFblcTa Caycak Topi3dl arbiC
(bopMachIHbIH Naiaa 0oybl CaH/ABIK 3epPTTENTeH, aTall aiTKaHIa caycak ()OpMachIHBIH €HI MEH KalMUIIPJbIK CaH
apachbIiHIarbl OailylaHbIC 3EPTTEIHICH, XKOHE aJbIHFaH HOTIDKeNep Oacka >KYMBICTapMEH CaJbICTBIPbUIFaH [6].
Bapnbik ecenreynep Gerris OarmapiaMachl apKbUIbI JkacajFas [7].

Tyiiin ce3aep: exi apasacrnailTbIH CYHBIKTapblH aFrbIHbI, TYHICKEH CBI3BIK, TYHICKEH OYPBIII, KaIMJUIIPIIBIK
caH, caycak Tapi3Jli arbic (hOPMACHIHBIH Iai1a O0Iybl, ChIpFaHaK MIeKapabIK MapT, CYHBIK KOJIeM 9IiCi.
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A.A. Kynaiikyaos'', K. XKosepann’, A. Kanraes'

'Kaszaxckuit HarmoHanbHbIi YHuuepcutet nmenu anb-Papabu, Anmatsl, Kazaxcran, 2Sorbonne Universit'es,
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YUCJIEHHOE HCCIIEJOBAHUE ITPOLECCA NAJIBIHIEOBPA3OBAHUS
ITPU TEYEHHWU JIBYX HE- CMEIINBAIOIUXCS )KUJJKOCTEU B KAHAJIE

AnHotanusi. B nanHo# paboTte yciIeHHO HCCIIeI0BaH MPOLIECC Mableo0pa3oBaHus P TEUYCHUH JBYX HECMe-
HIMBAIOIIUXCS KUAKOCTEH B KaHAJe, a UMEHHO KCCIIE/IOBAaHA CBSI3b MEX/y IIHPHUHON MaibleoOpa3oBaHus U KaIu-
JMSPHBIM YHUCIIOM W PE3YyJibTaThl CpaBHEHBI ¢ paboroit [6]. Taxke B maHHOW paboTe HCCIEIOBAHBI IMPOIECCHI
nepexoja U3 Py4eiiHOro B/ B KIIMHOBH/IHBIA BHJ[ MAJBICOOPAa30BAHUS ISl PA3IMUYHBIX 3HAYCHHH KOd(duUIeHTa
MTOBEPXHOCTHOTO HATSDKEHUs. Bee uncIeHHbIe pacyeThl IPOBOIMIIUCH C IIOMOIIBIO TTporpaMmbl Gerris [7].

KaioueBble ciioBa: TedeHHE JBYX HECMELIMBAIOLIMXCS JKUAKOCTEH, KOHTAKTHAs JIMHWS, KOHTAKTHBIA Yo,
KalMUIIPHOE YUCIIO, NaJbIie00pa3oBaHue, TPaHUYHOE YCJIOBUE MPOCKAIb3bIBAHUS, METO]] 00BEMA JKHIKOCTH.
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