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EXACT AND APPROXIMATESOLUTIONS
OF TWO PHASE INVERSE STEFAN PROBLEM

Abstract. The main idea is finding the exact solution of two phase inverse Stefan problem for degenerate
domain with moving boundary.

Tracking answers of these questions will be organized as following. For finding analytical solution we mainly
follow the method proposed by S.N. Kharin applying Faa Di Bruno’s formula for Integral Error Functions. In the
continuation of this section Integral Error Functions and its properties necessary for elaboration of new methods are
presented.

The Stefan problem is very complicated for exact solution. Therefore we try to find an approximate solution by
profile assignment of the temperature with change of differential equation by heat balance equations, which are
obtained by integration with respect to X and . For finding approximate solution we mainly follow the method
proposed by S.N. Kharin applying Integral Power Balance Method.

Keywords: Integral Error Functions, Integral Power Balance Method, Two Phase Inverse Stefan Problem.

Problem formulation
In the following two sections we will deal to find theexact and approximate solutions of heat

equations:

2
%zaf‘a—ﬁl, 0O<x<a(t), t>0
ot ox (1)

2
Ou, _ ;a—uj, a(t)<x<owo, t>0
ot ox 2)

Subjected to the following conditions:

1,(0,0)=0
(3)
u,(x,0)=f(x) a(t)<x<owo
4)
—ll% =P(), t>0
Ox |,y )
u(a(t),t) =u,(a(),t) =u,
(6)
The Stefan’s condition:

ou ou d(a(t))

_ﬂ“ it 8 =-A, 72 + L7/—
Ox x=a(t) ox x=a(1) dt 7
Uy |, =0 (8)
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It is necessary to find temperature distribution 2, (x, 4 ) and U, (x, t ) also it is required to reconstruct

the boundary function P(?) if the free boundary c(¢)is given. Such problem is called two phase inverse

Stefan Problem. The heat spread in the solid is negligible because of the physical properties of contact
material. This condition is valid for refractory metals like wolfram. After getting the solutions we try to
discuss given both solutions.

I. EXACT SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM

1.1. Introduction

The first analytical solution of two phase inverse Stefan problem, which describes the dynamics of
soil freezing has been published by Lame and Clayperon.

Despite the quite extensive list of problems in literature which lead to the necessity to solve Stefan
type problems see: e.g., [1-9] and a long bibliography [9] on methods for solving these problems lead to
additional difficulties which occur due to the degeneracy of domains. In some specific cases particularly
for free moving boundaries it is possible to construct Heat potentials and a problem can be reduced to the
system of integral equations [2], [3], however in the case of degeneracy, singularity in integral equations
occur, and method of successive approximations is inapplicable in general. Moreover, the use of
numerical methods is problematic when the number of parameters is great. Therefore, development of
new analytical methods is very important especially for various applications because it enables one to
analyze an interrelationship of different input parameters and their influence on the dynamics of
investigating phenomena.

As for applications: a wide range of electric contact phenomena, in particular, the phenomena
occurring at the interaction of electrical arc with electrode can be described in dynamic use of the
presented method see e.g., [9] for very short arc duration (nanosecond diapason), when experimental
investigation is very difficult. In this study we will try to find solution of two Phase Inverse Stefan
problem for degenerate domain with moving boundary.

1.2. Problem Solution

Let us consider this problem at the suggestion that &(¢) = Z a,t "2 s given.

n=1
The unknown functions are U, (x,1), U, (x,t), P(t) we represent in the form of Heat polynomials
and Integral Error Functions:

u,(x,t)= i{(%ﬁ\/;)h A, Perfe

X 2n+l1 X
2 ¢ 2n+1 _ 9
2611\/;]+( an/_) Ay, erfc( 201\/;]} )

* 2n 2n+l
uz (X, t) = Z|:(2a2\/;) aniznel’j‘c ﬁj_i_(zaz\/;) anﬂl'zn“el’fb[_ 2azx\/;)} (10)

n=0
P()=Y Pt? (11)
n=0

Where the coefficients A2k, AZk Ny BZk, sz e P(t) should be found satisfying the boundary

conditions.
Let us satisfy first the initial condition (4). It is clear that:
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1 (x,0) = limu, (x,) = Z{hm(Zazxﬁ)znBZniz”erfc(zaj \/Z}

n=0

(12)
2n+l1 X
+lim(2a,N1) B, i erfe| -
t%O( 2 ) 2n+l1 Zaz\/;
by properties of Integral Error Functions:
l i"erfe(x) 0
x—)oo x
by using L’Hospital Rule to find limit:
n—l n—2
z i"erfc(—=x) lim erfc:(1 X) i erfc( i? _ —lim erfc(—x) :g
raoo x" x>0 nx” X0 l’l(]’l — l)x” X—>0 n! n!
So therefore,
u,(x, 0 S 2n+1 — X
250 =2 By +1)' /() .
If we expand f'(X) into Taylor series:
£0)
()= Z T
o (2n+1): (14)
2n+l1
S 2)1+1 f (O) 2n+1 (2n+1)
= 0 n=0,12,..
Z(; 2n+l1 (2 +1)' Z(2n+1)' 2n+1 f ( ) ( )
(15)

From the condition (6) for U, (a(2),t)= u,:

=u

m

u,(x,t) = ;{(2512\/;)2” aniz”erfc( Zaj\/ZJ + (2az\/;)2n+1 anﬂz'z””erfc(— Zaj\/;ﬂ

The main problem is to find the remaining unknown coefficients we have, also if \/; =7, then our
expression will get:

e 2 5 2 a(z?) 2041 2l _a@®))||_ " B
& e 2]

pry 2a,T 2a,T

o 2k i 2% | 2k 2
Z (202 )2 an (_27’1) .TZn—ZkJrl . 0 - Z-Zne’/fc a(T ) +
== [ )(2n—-2k+I)! or 2a,t
. 2% | 2%k 2
+(2a2 )2 ! anﬂ( l j (2n) 22k 0 (l'znﬂel’:fC[— a(r )JJ} ~0

x=a(t)

Qn+1-2k+1)! or** 2a,t

After taking both parts 2k-derivatrives we can see following expression:
) " 2k ' aZk—Zn a 2
2(2"2 )2 B,, (20 %2 ierfe )
par 2k-2n)! 0" 2a,t

+

=0
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=0

7=0

" k) o | a(z?)
(2. B ( 2n41 o)
(20) " B i

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

2k—2n 2 2k=2n
5 [izne}’fCLa(T )jj — Z iznerfcm (5)ﬁ2k72n’j (5', 511,.“’ 52k—2n—j)
7=0

o™ 2a,t

~ (-1 %H_,z,,l (8)exp(—5?)

Jr
=0

2k-2n-1 2 k—2nl
8— (Z-Znﬂerfc ( (Z(T )Jj — z l-2n+lerfc(j) (5)ﬂ2k—2n—1,j (5 v, S n, . 52k—2n71—j)

2k-2n-1
or 2a,t =

i erfc(8) = j—jj(iz"erfc(é'))
T

2

2n+ j dj 2n+ j—2n—
i*"erfc(8) Zd—r,(lz lerfc(ﬁ)) =(-D’ 2—\/; Jana(8)exp(=67)
7=0

Let us denote our boundaries in the following form to get rid of the singularity:

0

+ 1l = D Vo

n=0

12 {412

y() =a(t)—a, =t

2N 2 n+l __ (n+1)
a(t)=yr+y, 70" +..+y,.,7 _Zynﬂf
n=0

Then we can easily find our boundaries:

o0
n+l
Z}/VHIT
— n=0 — 7/1
=0
2a,t 2a,
=0
0
n+l
Zynﬂr
— n=0 - _ 71
=0
2a,t 2a,
=0

Finally, we get the following sum:

S (2a, )Zn (2k)! & ool 2 71 7/12 2k-2n—j
B, —=— -1y —H . —— |exp| ———~ (5',0",...,0 Y+
; 2n (2k _ 27’1) ' jz() ( ) ’7[ Jj—2n-1 2612 p 4a2 ﬂZk—Zn,] ( )

2

N (2a, )Zn+1 (2h) 13 o 2 Vi 7 12 2h-2n-1-j
+» B, = -1y —=H. ——L lexp| ——~ (6',0",...,0 =0
; 2ntl (2k—2n—1)! ]Z_o: (-D \/; j-2n-2 p 4a§ ﬂzkfzm,_, ( )

Here let us denote the known coefficients in the following form:

— 4) ——
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(2a,)™" (2k) 1% 2 2 o N
z (2;{ 2n)! z U 1\/_ J=2n-l % eXp _Z? B2 (0,0 ey 0K
2

Jj=0 2

(2a )2n+1(2k)|2k —2n-1 ; 7/ 2 o L
K= oy & O |~ [op| L B (677677

2

After we can easily find our unknown coefficient:

BZn Kl B2n+1 Kn 2
B, = By, K,, _ f(2n+l)(0)'Kn,2
2n -
Kn,l 2I<n,1 (16)
From the condition (6) for u,(x,¢) will be the same situation for u,(c(¢),t) =u,,:
A, K
Azn — 2n+1 n,2 (17)
Kn,l
By using the condition (7):
dt =2rdr
(k)
(ﬂ da(r)j U [y a?©
2t dr i 2 = (2n)!
7= =0

It is easy to see that £ = 2n —1, therefore:

Lrs a“”(())(rz,,_l)””

255 @2n)!

_Z © a(n)(o)
2= 2n

=0

If we will take 272 — I derivatives in both parts by using Leibniz and Faa di Bruno formulas:

a (2n-1) a (2n-1) I Y (")(0)
a9 | % Lrye U)
( ﬂ‘l ax x= a(r } -0 ( 12 x= a(r J 4 nz(; n

{ﬁ(zalf“ et S -

n=0 =0

i)

:AZniil(zal)Zn—l (21/1—1)!(1'211_167]((3{2}’/—1})

a,

A (2a)" 4,720 1)'{12"erfc( J

Ay (2a)" 4, 0= w[ﬂ" lerfc[—“;”* D
a

n=0 1

=0

0 0 © (n)
ZA2nCn 1= ZBZHCn 2 +ﬂza—(0)
n=0 | n=0 | 4 n=0 n (18)

where
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= ﬂ‘l (2al)2n—1 (2]’1 _ 1) !izn_lerfc (;—lj

a

5 :12(2%)2;1—1(2”_l)!izn—lerfc[ziJ

a,

From (17) and (18) we can easily find two unknowns in the following form:

4n-C, , 'f(znﬂ)(o)'Kn 2t Ly.a(”)(O)Kn,l

A2n =

8n-K,,-C,, (19)
— 4n ’ Cn,Z ' f(Z’H'l) (0) : Kn,2 + L7/ : a(n)(O)Kn,l
2n+1 8]’1 . Kn,z X Cn,l (20)
By using the last condition (5) we get:
B 3a)" [y, () P enfe(0) - Ay, (2" P erfe(0) | = 3 B’
n=0 n=0
21)

The main problem is to find the remaining unknown coefficient we have:

S n— n 2n X ak c n
[ ;|: A lZ 1377(‘0(26111_} (26117)2 A2n+1lz er, C[—EJ:D:W(;R;T j
S 2" 1 k (2n—1)! 2n-1-k+l o' 2n-1 X
420;{ [Zj(Zn—l—kﬂ)! ‘ o | 2ar
" kY  (2n)! e O [ x o (&
_ 2 2 A A 2n k+l‘_ 2n _ P n
(24,) 2n+l(lj—(2n_k+l)! T Py (z erfC( zalrjﬂ Z(;

After taking both parts k-derivatives we can see following expression:
© . (k) ' 8k—211+1 - X
2a A i“"erfc| —
4 [,,ZO:( ) " (k=2n+1)1 07" x 2a7 )

| k-2n 0 |
_(2al )Zn A2n+l (k) . a — iznerfc _ X _ Z[Z k .
(k=2n)! o™ 2a,t = (k—n)!
2 7=0

For this purpose we use the Faa Di Bruno formula (Arbogast formula) for a derivative of a composite
function:

k—-2n+1 k—2n+1
aa k—2n+1 (iznlerfc(z Jj Z 12n lerfc(’)(é')ﬂk 2n+11(5 5" 5k—2n+l*_/)
T a,t

i le;fcm(a)— i (2" lerfc(5)) (5)exp(=5?)

=)= H
o JZ o

7=

— 4y ——
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= =0 0)=1
=" g, B = exp(0) =
ak72n k=2n '
P T—on l “er, C[—z—j Z lznerfc(j)(é')ﬁk . (5 5n 5k—2n—])
T a,
2

ierfc!” () ——( *erfe(5))

= ﬁH j-2n1(0)exp(=57)

=0

Finally, we get following sum:

o 2 X 2n-1 k | k=2n+1 o " o
/%LZ;‘A% ((ka)2 (1))' Z (-1y f H, 5, (0) B 3001,(66",....8 )—

_w (zal)zn(k) = j-2n-1 Ve k—2n—j
2 A= o 2 D f H201(0) Bz (6,870, 8") = Z (k_ _

After we can easily find our unknown coefficient:

A2n 'Kn,3 _A2n+1 ’ Kn,4 = Rz (22)

1.3. Conclusion
Main result namely coefficients of function A2 P A2 w1 9, 32 P 32 «+1 (10) and the function P (t )

are obtained from (19), (20), (16), (15) and (21-22) respectively. It worth nothing that deviation of
solution can provide maximum principle. Moreover if convergence of (9) and (10) proved, wide class of
heat equations that describe diverse phenomena can be solved both analytically and numerically.

II. APPROXIMATE SOLUTION OF TWO PHASE INVERSE STEFAN PROBLEM

2.1. Introduction

Exact solutions of heat conduction problems are rather cumbersome and time-consuming. In addition,
they are practically absent in the problems of the radial heat flux in spherical coordinates with the change
in the aggregate state [11], 12]. Therefore, to solve practical problems are commonly used charts, obtained
by numerical or approximate methods [13]. One of the approximate analytical methods is an integral
method of heat balance, which primarily attracted to its physical clarity, simplicity and precision of the
results is high enough that demonstrates T. Goodman [14] on numerous examples. The main difficulty to
be faced when using the integral method of heat balance is the setting right temperature profile, which
according to T. Goodman, significantly affects the accuracy of the results.

There are several approaches in selecting the temperature profiles. In [15] A.L. Veinik offers to use
temperature profiles in the form of ordinary polynomials for problems of any geometry, which should
simplify the solution of the problem.

In this study we will try to find approximate solution of two Phase Inverse Stefan problem for
degenerate domain with moving boundary.
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2.2. Problem Solution

Let us consider this problem at the suggestion that &(¢) = Z a,t "2 s given.

n=l1

To find the unknown U, (x,t), we identify the temperature profile corresponding following

conditions:
U, (a(r),t) = u, (23)
1| =0 (24)
1 (25)
X |i_pir
Uy |, =0 (26)

Therefore the temperature profile will be:

x=p0 |
Uy (%) = ””’[a(r)—ﬂ(o} ) <x<fo

0, x> B@)

27)

Here we need to find the ,3 (t), where ﬂ (0) = Oby using the equation (2) to use the integral of

power balance:

B B
%dx =a; %} (28)
o Ot ox 0
B@)
j%dxza;[% o }
o Ot X lpiy  OX |
B B
[ [ ES O
g a()-p0) \a)-p0)]_,,
70 bu, _ 2u,
A, -t
o Ot a(t)— (1)
For the right side we use the Leibniz integral rule, also differentiation under the integral sign:
d b(x) b(x) P
| | fnde = £Geb) b= fxva()-a'@)+ [ — fxnde
X a(x) a(x) X
Therefore,
At) 8 d B(x)
[ = feende=— [ flx.0dx|=f(B©.0- B0+ fa@).0)-a'® (29)
a(t) a(x)

—— Y4 ——
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By using Leibniz’s method we get:

BQ)
H I uzde_uz V.0 da)|__ . 2,

+u —_——
dr\ 1, a2 lhea) g 2 a(t)- @)

The solution of given differential equation has been shown in the paper [24].

dp()
dt

da(?)

(ﬁ(l)—a(l‘))+27

(B -a())-6a,
(30)

To solve the equation (30) we have used the mathematical program Mathcad 13. To find the solution
we considered three particular cases and got following graphs:

da()

d )
Ey(t)(y(t)—a(t))+27(y(t)—a(f))—6az =0 (1)
¥0-2n- 4

t
Equation (31) have been plotted in the following way for the first particular case when ¢ =100 :
Figure 1 - () at t =100

Equation (31) have been plotted in the following way for the second particular case when ¢ =300 :

Figure 2 - f(t) at t =300
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Equation (31) have been plotted in the following way for the third particular case when ¢ =500
Figure 3 - () at t =500

This given plots approximately show the value of f(¢). Therefore, we can consider that we know the

value of f(¢) and consider other cases.
For u,(x,?) we have the temperature profile A(t)xz + B(t)x+ C(t) as it is linear. We will use
the conditions (5),(6) for i, (x,2), (7) and (1):

u,(x,) = A()x* + B(t)x + C(t), O<x<alt)
By using the condition (5) we get:

ou, P(?)
) g =
o =BO=-7 (32)

By using the condition (6) for , (x, ¢ ) we have:
u,(a(t),t)= A’ () + B(Ha(t) + C(t) = u, (33)

By using the Stefan condition (7) we get:

2u, ]+ 7, da(®)

4 QAW a(t)+B(t) =4, ( a(t)- B(t) dt

If we equalize the right side of the equation above to (), we will have following expression:
t
24()a(t)+ B(t) = _QT() (34)

Let us use the last equation (1) and get an integral of power balance:

t
a(r) a2ul d aul :|05( )
X

. Ox’ =8_xo

— 46 ——
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a(t)
ﬁx x=a(t) ax x=0 0 at
a(t)
0} [24(1)-a(t) + B() - B()] = 4} [24(0)-a()] = | %dx
0

The solutions has been shown in the paper [10].

A2 (1) +4a '(z)-a(t)]+A(z)[4a '(t)+4(a"(t)-a(t)+(a'(t))2)—l2a12}+

{ d {30: 0w , 3a(t)Q'(t)} IAG! } 0
dr| A A a(t)

(35)

If we denote the functions that is multiplied to 4'(¢), A(¢) and some functions by Z,(¢), Z, (¢)
and Z,(t) respectively, then we get:
A'0)-Z,(0) + A1) Z,() + Z,(1) = 0

We can easily rewrite our differential equation in the following form:
y'(x)+y(x)-S(x)+T(x)=0

By solving our differential equation by Integrating Factor method that has been shown in the paper
[10], we can show the solution of givendifferential equation:

A(t) = —eiIsmdt -(IT(t) : ejs([)dtdt) +c- eijsmdt (36)

where S(¢)=Z,(t)/Z,(t) and T(t)=Z,(t)/ Z,(t). Let us denote the right side of above

expression as K (t ), therefore we can show the temperature profile for ul(x,l‘ ) and reconstruct the

boundary function P(?):

u, (x,t) = K(t)x* - [% +2K (t)a(t)} X+ {u +K()a’ () + % (37)
P(r>=Q(t>+2K(’T)“(’) (38)

2.4. Conclusion
In this chapter for solving problems of heat conduction in spherical geometry by integral method of
power balance for the first time evaluated the effectiveness of the temperature type profiles:

T(r,t)= polynomial and T(r,t) = polynomial | v with polynomials of degree n. The results
show that in dealing with problems of thermal conductivity for different geometry approximate integral
method of power balance is not always possible to achieve sufficient accuracy when using temperature

profiles of the same type.
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M.M. Capcenreabaut, C. Kacadex, b.M. CaruaoJuia
Cynelimen Jlemupen ateiHaarsl yHuBepcuteT, KackeneH, Kasakcran
HAKTBI )KOHE )KYBIKTAJIFAH EKI ®A3AJIbI KEPI CTE®@AH MOCEJIEJIEPIHIH IIEIIIMI

AHHoOTauMsA. BepiiareH »KyMBICTBIH HETI3I1 HAESACHI, KO3FAIATBHIH MICKapasapsl 0ap HYKCAHABI OHIp VINIH €Ki
(azanbik Kepi credan MoceNeHIH HaKThl menliMaepid Taby 0obIn TaObLIa bl

TemeHze ocbl Macenenepl jkayan Kajarajgay YHbIMAACTHIPbUIAAbI. AHAJIMTUKAIBIK LIENM Taly yuiH 013
Herizinen C.H.Xapun >xymbicTapbiHga ycbiran oaictepi ®aa /lu BpyHo QopmynacklH MHTErpanipl KaTemiKTep
(dyHUMsIapbiHa KojlaHaMbl3. MHTerpanipl Karenikrep (GyHKIUSICHI KOHE OHBIH KaHa SAICTEpiHIH KacHeTTipi ae
AHBIK KOPIHTEH.

Credan maceneci HaKTHI MM YIIiH Kypaenai 0onsin Tabbutansl. COHABIKTaH, 013 IIaMaMeH HIeNIiMiH Tady
yuin, X sxone [ apKblLibl MHTErpajigan anbiurad aAudQepeHImanabK TeHaeyaepre TeMIepaTypaiblK IpouIbaep
TaraiibiHaaliMb3. byn mamamen wemimin taOy ymin C.H. XapuHHBIH YCBIHFaH SficTepiH KOJIZaHa OTBIPHII,
MHTETPaJIIbl )KBUTYJIBIK TeTe-TeHAIK d/iCiH KOJIbIHIBIK.

Tipek ce3nep: Wuterpanapl (yHKUMsIapKaTENiKTep ofici, MHTErpamabl XKbUIYJBIK TeNne-TeHaIK omici, Eki
(hazainsr kepi Credan macerneci.

M.M. Capcenreabaut, C. Kacadex, .M. CaruaoJuia
VYuusepcuret uMm. Cyneitmana Jlemupens, Kackenen, Kazaxcran
TOYHOE U NPUBJINKEHHOE PEHIEHUU JIBYX®A3ABOMN OBPATHOM 3AJJAYU CTE®AHA

AnHotanusi. OCHOBHas WJesl SBJISCTCS HAXOXKICHUE TOYHBIX pelIeHHH IByx(da3HOil 00paTHOH 3amauu
Credana [u1st BRIPOKAEHHOM 00J1acTH ¢ ABMXKYIIeHcs rpaHuLei. OTcineXnBaHue OTBETOB 3THX BOIPOCOB OyayT
OpPTraHM30BaHbl CIEAYIOIUM o0pazoM. [ HaxXOXKIEHWs aHAJIMTHYECKOTO PEIIeHHS] Mbl B OCHOBHOM CIIEIyeM
meronoM, npeaioxxeHHbM C.H. Xapun npumensis Gopmyny @aa [lu BpyHo Uit nHTErpanbHEIX QYHKIMHA OIIMOOK.
B nponomkennu pa3gena MHTErpaibHbIE (QYHKIMH OIIMOKH M €€ CBOMCTB, HEOOXOAMMBIX U Pa3pabOTKH HOBBIX
METOJIOB.

3amaua CredaHa OYEHb CIOXHA UII TOYHOTO pemreHus. [1o3ToMy MBI TBITaeMCs HAWTH MPHONIIKEHHOE
pelIeHre IyTeM NPUCBOCHHSA TEMIEpaTypHBIX Hpoduiedl ¢ M3MeHeHHneM IH(QepeHnHaIbHOr0 YPaBHEHHS Ha
ypaBHEHHs TEIUIOBOrO GanaHca, KOTOpbIE MOJYdYaloTCs MyTeM HHTerpupoBanus moX u . JIns HaxoaeHus
NPUOIMKEHHOTO PEUIeHUs] MBI B OCHOBHOM clielyeM MeTonoM, npemtoxenHsiM C.H. XapuH, npumenenus merona
MHTETPAIBHOTO TEIUIOBOTO OajaHca.

KinroueBble ciaoBa: Mertox uHTerpayibHOr0 (GyHKOMAOMMOOK, MeTox HMHTErpalbHOTO TEIUIOBOrO OanaHca,
JByxdazosa obparnas 3agaya Credana.
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