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STRUCTURE PROPERTIES
OF (a, ) - BICOMMUTATIVE ALGEBRAS

Abstract. We find free and multilinear part of («, ) — Bicommutative algebra. Also, we prove that A’ s

nilpotent with index nilpotency equal to 3. One of important problems of modern algebra is to study free algebras
satisfying some identities. Constructing of base elements, finding of cocharacter sequence, constructing multilinear
part and finding dimensions or asymptotics of growth are parts of this problem. On this point of view varieties of
associative algebras, varieties of associative and commutative algebras and varieties of Lie algebras are well studied.
For example, free associative commutative algebras are polynomial algebras. Connections of homogeneous
polynomials and symmetric polynomials are used in many branches of mathematics and physics.

Free associative algebra is a tensor algebra, its multilinear part is isomorphic to a regular module of symmetric
group. There are many other interesting classes of algebras for what problems on free algebras are remains as a
difficult task. For example, very little are known about free alternative algebras, free Malcev algebras, even about
free commutative algebras.

Let com =tt, +t,t,, acom=tit, —t,t ,be commutative and anti-commutative polynomials and
ass=(t,,t,,t,)=t,(t,t;)—(tt,)t; be associator or associative polynomial. Algebra with identity com =0 is called

anti-commutative. Commutative algebras are defined by the identity acom =0and associative algebras by
ass=0.

As we mentioned almost all is known for free algebras in associative case. Free commutative or anti-
commutative algebras are less understood.

Last time became popular the following generalizations of commutativity and associativity identities

lcom =t,(t,t;)—t,(t,t;) (left-commutative),

rsym = ass(t,,t,,t;) —ass(t,,t;,t,) (right-symmetric),

Similarly one defines non-commutative non-associative polynomials

rcom = (t,t,)t; — (t,t;)t, (right-commutative),

Isym = ass(t,,t,,t;) — ass(t,,t,,t; ) (left-symmetric).

Algebra with identities [sym =0, rsym = 0 is called assocymmetric. Bases of free right-commutative algebras
and right-symmetric algebras can be described in terms of rooted trees. Cocharacter sequences of right-symmetric
algebras and right-commutative algebras are equal. Algebra with identities /com = Qand rsym=0is called

Novikov. Lexicographic order in Young diagrams induces order on such base of free Novikov algebras. This order
induces filtration and grading in free Novikov algebras. Connection between bicommutative algebras and filtration
and grading of free Novikov algebras gives us motivation to study bicommutative algebras.

Algebra with identities lcom =0, rcom =0 is called bicommutative.

Basic notions of homological algebra are complexes, boundary mappings and cycles. If we will consider free
algebra on q generators and require that multiplication by left is boundary mapping we will have g =—1for

bicommutative identity. For case multiplication by right we will have & = —1 for bicommutative identity.
Key words and phrases: free part, polynomial part, commutativity, bicommutative algebras.
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Introduction. Authors are grateful for academician A. S. Dzhumadil’daev for formulation of the
problem of given article. One of important problems of modern algebra is to study free algebras satisfying
some identities. Constructing of base elements, finding of cocharacter sequence, constructing multilinear
part and finding dimensions or asymptotics of growth are parts of this problem. On this point of view
varieties of associative algebras, varieties of associative and commutative algebras and varieties of Lie
algebras are well studied. For example, free associative commutative algebras are polynomial algebras.
Connections of homogeneous polynomials and symmetric polynomials are used in many branches of
mathematics and physics.

Interesting problem is to find homology of free (&, /) — Bicommutative algebras.
Let A=(A4,) be an algebra over field with characteristic P = 0 and

AxA—> A,(a,b)> aob, is product. An algebra A=(A,0) is called (a,f) -
Bicommutative, if

(aob)oc=a(aoc)ob(RC)
ao(boc)=pbo(acc)(LC)
forany a,b,c € A.
Let A be (a,f)- Bicommutative algebra, when (&,f) are equal +1 or —1 or
a =—1, =—1. If both are equal 1 we have bicommutative algebras. Bicommutative algebras were

introduced in [1]. First interesting case is & =1, f/ = —1. We prove the following theorem in our article.

2, .. 2 . . . 2 .
Theorem 1. A is associative. A° is anticommutative for case =1, ﬂ =—1. A° is

commutative for case & = —1, f = —1.

Moreover, for any three elements X, V), Z € A we have (X ° y) oz=0.
Proof. Let us take elements X =@ ©°b and y = ¢ od. Then
xoy=(aocb)o(cod)=pf-co((acb)od) vbyLC.

So,

P-co((aob)ed)=pF-a-co((aod)ob)byRC.
B-a-co((aod)ob)= B> a-(aod)o(cod)byLC.

On other hand

(aob)o(cod)=a-(ao(cod)ob)byRC.

So we have

a-(ae(cod)ob)y=a-Lf-(co(aod)ob)byLC.

Another step is

a-B-(co(aod)ob)=a’-B-(cod)o(aocd)byRC.

Therefore

,32 -a-(aod)o(cob):a2 -fB-(cod)o(acd).

So

B-(aod)o(cob)=a-(cod)o(aod).

For @ =1, 8 = —1 we obtain A is anticommutative. ¥ = & - 3. For case & = —1, f = —1 we
have A° is commutative.

Now let us check associativity of A* . First of all

((aed)e(cob))oe=a-((acb)oe)o(cod) vyre,
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Secondly

a-((acb)oe)o(cod)=a-y-(cod)o((aob)oe)

by commutative or anticommutative identities depending on .

Using LC,

a-y-(cod)o((ach)yoe)y=pf-a-y-(acd)o((cob)oe)=y" (acb)o
((cod)ee)=(acb)o((cod)oe).

We have A° is associative.

Let X=acbh andy:COdandZ:eof-

By associativity

((acb)e(cod))e(ec f)=(acb)o((cod)eo(ec f))=pf (cod)o
((acb)e(eo f))

by LC.
On other hand by RC

((aob)e(cod))o(ec f)=a-((acb)e(ec f))o(cod).

By commutative or anticommutative identities depending on } .

a-((aeb)o(ec f))o(ced)=a-y-((ec f)e(acb))o(cod).

By RC

a-y-((eof)o(acb)o((cod)y=a’ y-((eo f)o(cod))o(aob).

By commutative or anticommutative identities depending on } .

a’-y-((eo f)o(cod)o(ach)y=a’ y*-((cod)o(eo f))o(aob).
2 2

Because & =Y = 1 we obtain

(cod)o((aob)o(eo ) =((cod)o(eo f))o(aob).

By RC

f-(cod)o((acb)o(eo f))=f-((cod)o((aob))o(ee f).

By associativity

f-(cod)o((aob)eo(eo f))=f-((cod)o((ach))o(eo f).

So on

p-(ced)e((acb)o(ec f))=a-((cod)eo((acb))e(eo f).
Ifﬂ:—l and @ =1 we have

2-((cod)o((aob))eo(ee f)=0.

For char # 2 we have (x o y)oz=0. End of Proof.

Let us consider case f=-1 and @ =—1 separately. So we have A® is associative and
commutative by Theorem 1.

Lemma 1. Let A be (—1,1) — Bicommutative algebra. Then Va, b, c, d, e € A wehave

((cod)e((aeb))eo(ec f)=0.

Proof.

((aeb)ee)e(cod)=—((acb)o(cod))eebyre.
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By commutativity
((acb)oe)o(cod)=(cod)o((aob)oe).
According to proof of associativity
(cod)o((acb)oe)=((cod)o(ach))ee.
By commutativity
(cod)o((acb)oe)=((acb)o(cod))ee.
So we have

—((aeb)eo(cod))ce=((acb)o(cod))ee).
For char # 2 we have
((aob)o(cod))oe)=0qEp.
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Cyneitman [lemupens aTeIHABIFBL Y HUBEpcUTET, AnMaTel, Kasakcran
KOMMYTATHUBTI AJITEBPAHBIH (2, ) KYPbUIBIMABIK KYPAMbBI

AnHoTauus. byn mMakanana (o, /) GMKOMMYTAaTHBTHI anreOpaHbIH 60C JKOHE KOIICHI3BIKTHI OOIiri ecenTelNreH.

.. . 2 o
AcconmaTHBHOCTIIIK MeH HuibmoTeHTHOCTUTIK A~  nonenpenren. Kasipri 3amanrsl  anre6pa  MaHBI3IBI
npobnemanapapiH Oipi epkiH 3eprrey Oombin TaObuTansl. KeitOip KaHaraTTaHIBIPATHIH TOXKIECTBaM airedpa.
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0azaNbIK AJIEMEHTTEPiH cally, XapaKTep pETIIeH aHBIKTay Typalbl, MONWIHHEHHOoe O6IiriH cally >XoHE ecy
eJILEeM/IepiH HEMece aCUMIITOTHKY Ta0y ochbl OesikTepi OoJbIn TaObLIaIbl MIcese. ACCOIMATHBTI anredpa Kapay
COPTTapbIH OCHI TYPFBIIAH AJIFaH/a, aCCOLMATHUBTI XKOHE KOMMYTATHBTI aJreOpaHbIH jKOHE COPTTapbIH COPTTaphl JIn
anreOpachIHbIH KaKChl 3epTTeNreH. MbIcalibl, TETiH acCOMaTHBTI KOMMYTATHUBTI anreOpa mieni anredpa OoJbim
TabbuTajbl. KochubIMIap Typaibl OIpTEKTI MOJUHOMBI KOHE CHMMETPHUSIIBIK ITOJMHOMBI KOIITETCH Maii1aaHbLIa bl
Maremaruka xoHe pusuka punuangapsl.

Epkin accoumaruBTi anreOpa OOJbII TaOBUIATBHIH TEH30p ajuredpachl, OHBIH MOJMCBHI3BIKTHI OOJIri TYPaKThI
n30MOpQHa CUMMETPHSJIBIK TOI MOAYJb. backa 1a KenrTereH KbI3BIKTHI KiaccTapbl Oap epkiH anreOpa KaHIal aa
npoOyiemMarnap YUIiH anredpa peTiHAe KaJAbIKTapbl OONbIN TaOBIIATBIH KypAeni MiHzmeT. MpIcajibl, eTe a3 epKiH
TypaJbl OEINTisi TINTi epKiH Typaibl 6amaMaisl anredpa, epkin Mankes anredpa, KOMMYTAaTHBTI anreopa.

Kommyrarusri Gomyst COmM = 4t, + 1,1, acom =1,t, —t,l,, Gepcin *xoHE Kapchl KOMMYTATHBTI

nommomsr  xone  ASS=(),L,,8) =t (t,t;)—(t,t,)t; Gomym accoumatopHoe HeMece  IONMHOMUAIBIK
KaybIMAAcTBhIK. AureOpa coiikectimiknen com =0 Kapchl KOMMYTaTHBTI Jen aTainaabl. KomMmyTaTtuBTi anrebpa

acom =0 xone ass =0 acconmatupti anre6pa COMKECTIMIKIIEH alKbIHIATAIBI .

AWThUTFaHIAl OapibIK IEpJIiK acCONMATHBTI JKarmaiina epkiH anrcOpa Oenrimi. EpkiH KOMMYTaTHBTI Hemece
aHTH-KOMMYTATHBTI anre0pa a3 3epTTeNTeH.

CoHFBI peT MbIHA/Ial JKAIbLIAY TAHBIMAI OOJIbl KOMMYTATHBHOCTH JKOHE KAYbIMJIACTHIK COMKECTLIIK

lcom = t,(t,t;)—t,(tt;) (con-xommyrarusri),

rsym = ass(t,,t,,t;) —ass(t,,t;,t,) (OH-CUMMETPHSIBIK).

Coi cusKTHI Oip eMec KOMMYTATHBTI eMeC aCCOLMATHBTI TOJTMHOMBI aHBIKTal1bI

rcom = (t,t,)t; —(¢,t;)t, (on-xkommyratuBTi),

Isym = ass(t,,t,,t,) —ass(t,,t,,t;) (con-CUMMETPHSITBIK).

Aunre6pa Isym =0, rsym =0 coiikecririMes accuMeTpusiibiK fen atanansl . OH Kak epkiH TyimeruiriMen
KOMMYTATHBTI ajreOpaHblH JKOHE OH-CHMMETPHSUIBI HETi3lepiH anreOpa TEpPeH araiiTap TYPFBICHIHAH CHIIaTTayFa
6omanpl. OH -CUMMETpHsIIBI anredpa >KoHEe OH-KOMMYTATHBTI anreOpachIHBIH Oipi3fimiK Xapaktepi TeH. Anredpa
lcom = Oxone rsym =0 coiikectiniriven HoBukoB nen aramagsl . JKac auarpamMmaiap JIEKCHKOTPadHSUIBIK
TopTiOi OChIHAAll HeriziHae OyHMpHIK mmakbpanbl epkiH HoBukoB amredpa. Ocbkl OYHpBIK Cy3y KoHE XKIKTEy
maKeIpbIMeH epkid HoBukoB anrebpa. BukoMMmyTaTHBTI anrebpaHblH apachlHAArbl OailslaHbIC xKoHE epkiH HoBUKOB
anreOpanapbIHBIH CY3Y JkoHe Oaranay 0i3re MOTHBALMACHIH Oepelli OMKOMMYTATHBTI anredpa 3epTTey.

Anre6pa Isym =0, rsym =0 colikecTiriMeH GUKOMMYTAaTHUBTI JCH aTalasl .

'omosorukasplK anreOpaHblH HEri3ri yFeIMAAp KelleHJep, IleKapaliblk OeifHeney jkoHe HUKIgap OOJbII
Tabblnanel. Erep 6i3 Q reHepaTopiap epkin anredpa Kapaiiapl xoHe Tanan 0ojca coira Kapail kebeity 6i3 [ =—1
OMKOMMYTATHBTI CoMKecTiriHe ue Oonajpl mekapa kaprorpadusibiK 0obin Tadbuiaasl. OH jKaKkTaH KeOe Ke3iHzae
o =—1 GuKOMMyTaTHBTI COlKECTIKKe ne GonmabL.

Tyiiin ce3nep: 60c OoIiK, MOJIMHOMHUAIBII 061K, KOMMYTaTHBTI alnreOpa, KOMMYTTUTTCHIIPETIH anreopa.

VK 512.81
K.M. Tyaen6aes, K.H. lllaiimapaanosa, b. 'adayanun

Yuusepcurer um. Cyneitmana Jlemupens, Anmmatsl, Kazaxcran
CTPYKTYPHBIE CBOMCTBA (@, /) - KOMMYTATHUBHBIX AJITEGP

AuHHOTauus. B 1aHHOH cTaThe BEIYMCIIEHBI NOMMIMHEHHAs M CBOOOAHbIE YacTH (c, f3)- BUKOMMYTaTHBHBIX

anre6p. JlokazaHa acCOMATHBHOCTh M HHJIBIIOTEHTHOCTh A% OnHoOM U3 BaKHBIX MPOOJIEM COBpEMEHHON alreOphI
ABJIACTCS W3y4eHHEe CBOOOIHON anreOpbl, yJOBIETBOPSIOIINE HEKOTOpBIE TOXKAecTBa. I[locTpoeHue 6a30BBIX
9JIEMEHTOB, HAaXOXIICHHE II0CIIE0BATEIbHOCTH XapakTepa, IOCTPOCHUs MOJWIMHEHHOW YacTH W HaXOXKACHHs
pa3Mep WIM aCUMITOTHYECKHX POCT SIBIISIFOTCS 4YacTsAMM 9TOM npoOsiembl. Ha 3Tol Touke 3peHHs MHOrooOpasuii
aCCOLIMATHBHBIX aireOp, pasHOBHIHOCTEH acCOUMATUBHON M KOMMYTATUBHOH ainreOpbl 1 MHOrooOpasusi anreOopsl
Jlu xopomo wusyueHsl. Hampumep, cBoOomHas acconuaTHBHass KOMMYTaTHBHBIE ajreOpbl IOJMHOMHUAIIBHBIC
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anreopel. CoeMHEHNs OIHOPOIHBIX MHOTOWIEH W CHMMETPUYHBIX MOJUHOM HCIOJB3YIOTCS BO MHOTHX BETBH
MaTeMAaTUKH U (U3HKH.

CBoOomHass acconuaTHBHAs anreOpa sBISETCS TEH30pHas anreOpa, ee TONWIHHEHHas dYacTh H30Mop(dHa
peryJsipHbIM MOJYJIb CUMMETPHUUECKO# rpymmbl. ECTh MHOIO APYrMX MHTEPECHBIX KJIACCOB anredp IJisi TOTo, 4TO
npoOieMbl Ha CBOOOJHBIX anre0p OCTaeTcsl Kak CIOXKHas 3ajmava. Hampumep, oueHb Majo W3BECTHO O CBOOOTHOM
aNbTEepHATUBHBIE adreOprl, CBOOOAHBIE anreOpsl Manbesa, 1axke CBOOOTHBIE KOMMYTAaTHBHBIE aIreOpHl.

IMycte com =1t,t, +1,¢,, acom=tt, —t,l,,koMMyTaTUBHBIME ¥  AHTHU-KOMMYTAaTHBHBIX
muorowtenos ASS=(t,,t,,t;)=t,(t,t;)—(t,2,)t; accommarop GwiTh WM accoumaTHBHBI TOTMHOM. Asrebpa c

emuanneii com = (0 naspiBaercs AHTH-KOMMYTaTUBHOW. KoMMyTaTuBHBIE aireOpBl OMpEAeISIOTCS TOXISCTBOM

acom=0 u aCCOLMaTHUBHOM anre6pLI ass = 0 .

Kak MBI yXe yImOMHHa M MOYTH BCE M3BECTHO CBOOOIHBIX anre0p B accomnaTHBHOM ciydae. CBOOOIHO
KOMMYTAaTHBHBIC WJIM aHTH-KOMMYTAaTHBHBIE alnreOpbl MEHEE MOHSITHBI.

Ilocnennuii pa3 cranmum NOMyJSIPHBIMH CIEIyomye OOOOIIEHNS KOMMYTAaTHBHOCTH M aCCOLMATHBHOCTH
TOX/IECTBA

lcom=t,(t,t;)—t,(t,t;) (NeBas-KOMMYTaTHBHAs),

rsym = ass(t,,t,,t;) —ass(t,,t,,t,) (mpaBas-cHMMeTpHYHAs).

AHAJIOTHYHO OIIPEJIEIISeTCs. HeKOMMYTAaTHBHYHO HEaCCOLMATHBHYIO OIHHOMBI
rcom = (t,t,)t; —(¢,t;)t, (NpaBas-KOMMyTaTHBHAas),

Isym = ass(t,,t,,t;) —ass(t,,t,,t;) (1eBas-cuMMeTpHYHAsD).

Anre6pa ¢ upenruanocreit Isym =0, rsym = 0 maswBaercs acummerpuuHbIM. OCHOBBI CBOGOIHBIX TIPABBIX
KOMMYTaTHBHOW aiureOpsl M MPaBOro CUMMETPUYHBIX alreOpbl MOrYT OBITh ONHMCAaHbI B TEPMHUHAX KOPHEBBIX
nepeBbeB. IlocienoBaTenbHOCTH XapakTepa MpaBoro CUMMETPHYHBIX alreOp M NpaBoil KOMMYTaTHBHBIX aireodp
PaBHBL.

Aunre6pa ¢ nngentnunocreii lcom = 0u rcom = 0 massiBaercst HoBukoB.

Jlexcukorpaduueckue Mopsanok auarpamm MOHra MHIyLHMpYeT MOPSAJOK HAa TaKOM OCHOBAaHHHM CBOOOAHBIE
anreOpel HoBMKOBa. DTOT MOPSIOK MHAYLUPYET (UIBTPAlMI0O U COPTHPOBKY B cBoOOnHBIE anreOpsl HoBukoBa.
CBs3b MEXJy OMKOMMYTaTHBHBIE anreOpbl U QuubTpaims U kiaccudukanus cBodbonHbix anredbp HosukoBa naer
HaM MOTHBAIMIO U3yYUTh OUKOMMYTAaTHUBHbIE aJIT€OpHI.

Aure6pa ¢ unentuunocteii lcom =0, rcom = () na3piBaeTcs GUKOMMYTATHBHBIM.

OCHOBHBIC TOHATHS T'OMOJIOTHYECKON ajreOphl SIBISIIOTCS KOMIUICKCHI, IPaHUYHbIE OTOOPaKEHHS M IHKIIBL
Ecmu M1 OyzmeM paccmarpuBath cBOOOIHYIO anredpy Ha KBAHTOBOM T'€HEPATOPOB M TPEOYIOT, YTOOBI YMHOKEHHE
creBa rpanueii oTo6paxkenue Mbl OyieM umeth [ = —1 11 GUKOMMYTaTHBHO# HAEHTHIHOCTH.

Jlns ciiydas yMHOKEHHs CIpaBa Mbl O6y/ieM UMeTh & = —| B TeueHHe GUKOMMYTATHBHOMN MIEHTHYHOCTH.

KioueBbie ciioBa u ¢pa3bl: CBOOOHAS YaCTh, MOJMHOMHUATIBHAS YaCTh, KOMMYTATUBHbIC, KOMMYTHPYIOIIUE
anreOpel.
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