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THE CALCULATION OF FREE OSCILLATIONS OF AN ANISOTROPIC 
THREE-DIMENSIONAL ARRAY OF UNDERGROUND STRUCTURES 

 
Abstract. This work is a theoretical research aimed at studying the amplitude-frequency characteristics of the 

system "lining-soil". It was found that fluctuations in the deformation occur, not only the soil mass, but in an 
underground structure in the course of a numerical experiment to study the free oscillations of an anisotropic three-
dimensional array with the station tunnel. 

We investigate on the basis of the variational formulation of the finite element method of amplitude-frequency 
characteristics of the system "lining-soil". A generalized problem of eigen values is solved iteratively in the subspace 
based on the scheme of the Jacobi algorithm. 

Keywords: free oscillation, stress-strain state, lining, stress, displacement, algorithm. 
 
Creating a reliable method of calculating vehicle stability of underground structures of finite size in 

difficult ground conditions under the influence of static and dynamic loads is very challenging. In 
Kazakhstan a developed mining industry, with increasing depth of mining operations and the deterioration 
of the conditions of development of mineral deposits, the requirements to ensure the sustainability of 
developments rise sharply. In addition, with the construction of the Almaty Metro in the zone of possible 
9-10-magnitude earthquake, it needs reliable recommendations for earthquake resistance. 

All this calls for fundamental research involving modern apparatus of mathematics and mechanics of 
solids, unconventional analytical and numerical methods for solving tasks and creation on their basis of 
software tools for the analysis of dynamic stability of various vehicles designed and constructed 
underground structures for various purposes [1, 2]. 

Study of free oscillations of transport facilities is important to determine the effect of physical and 
mechanical properties and geometric parameters of the structural elements and the surrounding massif 
complex structure at their resonant frequency response. On the other hand, the study of the dynamic 
response of a spatial reference system "underground structure array rocks" lower frequencies is necessary 
for the formation and basic solutions allowing movement of the matrix equations [3-5]. 

We study the free oscillations of the soil mass with a three-dimensional transport of underground 
structures on the basis of the numerical method – finite element method (FEM) – in conjunction with an 
iterative method in the subspace. 

Object of research is the lower half-space with underground facilities shallow emplacement. Rock 
mass consists of a non-uniform layers with different physical and mechanical properties. Elastic status of 
each layer is described by the generalized Hooke's law: 

       D ,  (1) 

where              6,...,2,1,,,,......,,,......,,,  jidD ji
T

zxzyx
T

zxzyx  - elastic 

solid matrix; elastic moduli ijd  represented by the elastic constants transtropic array 

 2,1,,, 2 kGE kk   of angles of inclination of the plane of isotropy  and inclination to the 

longitudinal axis of the horizontal three-dimensional structures of the transport line stretch isotropic plane 
 [6,7]. 
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Boundary conditions: the lateral faces and the base of the calculation region with the construction of 
non-deformable - u = v = w = 0; internal the breed contour lining and free from external loads - Xn = Yn 
= Zn = 0. Spatial computational domain is divided into 1606 prismatic elements with 2875 nodes. 

Differential equations oscillation system for the array to transport underground structures can be 
represented as: 

                   tRtUKtUCtUM   ,  (2) 

where   tR  - vector external nodal forces,         tUtUtU ,,   - Vectors of nodal accelerations, 

velocities and displacements,      KCM ,,  - accordingly, the mass matrix, rigidity and damping system. 
The matrix equation of free oscillations "lining-ground" of the system obtained from (2), when the effect 
of damping and the impact of external forces that are missing [C]=0, {R}=0 

        0 UKUM  .  (3) 

Stiffener matrix is computed using the integral [3,4]: 

                  
  


V

TT dddJBDBdVBDBk
1

1

1

1

1

1

det  .  (4) 

Integral expression (4) after the application of Gauss-Legendre quadrature to the form 

           
  


p

i

p

j
ijk

T
ijkkj

p

k
i JBDBHHHk

1 1 1

det .  (5)  

System stiffness matrix [K] is produced by summing all elements of the stiffness matrix  

     



к

i
ikK

1

.  (6) 

System mass matrix is formed from the matrix elements of the masses is similar to the system 
stiffness matrix. Mass Matrix prismatic element has the form [8,9]: 

         
  


m

i

m

j

m

k
ijk

T
ijkkji JPPHHHm

1 1 1

det ,  (7) 

where  ijkP  - matrix interpolating movements. System mass matrix is obtained by summing all elements 

of the mass matrix 

     



к

i
imM

1
.  (8) 

The solution of ordinary differential equations of second order (3) can be written as:  

        0sin   tU .  (9) 

Substituting (9) into (3) gives a common problem eigen values  

  }{][}{][ 2  MK  .  (10) 

We introduce the notation 2  , then (10) takes the form: 

  }]{[}{][  MK  .  (11)  

For the solution of the generalized problem of eigen values used in the subspace iterative method 
based on the algorithm of Jacobi method and the properties of the Sturm sequence [10]. 
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When iterative methods are necessary at each step to analyze the convergence of the obtained 

approximations. Let a (k-1) and (k) - iteration step approximate calculated eigenvalues  k
i  and  1k

i  

then the convergence is achieved at 

  

   

   ni
k

i

k
i

k
i ,....,2,1,

1

1











.  (12) 

The effectiveness of the chosen method is explained, first, the initial choice of the subspace, 
sufficiently close to the desired lowest eigen values; secondly, the transition from the convenience of the 
algorithm to another subspace, which ensures "best" approximation of eigen values vectors. Furthermore, 
the use of translations and other accelerating processes also increases the efficiency of the method [10]. 

In the study of stress-strain state of the system "lining-ground" on the seismic action the first and 
necessary step in the calculation is to determine the frequencies and modes of vibration of the system. 
Calculation of amplitude-frequency characteristics of the system “lining-soil” is made in the subspace 
iteration method above. 

Received 100 first frequencies and forms of oscillations in the frequency range up to 22.2 Hz. values 
"lining-soil" system of the lower frequencies of free oscillations are shown in Table. As you can see, the 
range of "lining-soil" system of natural frequencies is quite dense. 

 
The values of the frequency of free oscillations "lining-soil" system 

 
frequency rooms 1 2 3 4 5 6 7 8 

ωi (Hz) 1,78 3,09 3,61 3,84 4,31 4,65 5,87 6,13 
 

Figures 1-3 show three-dimensional forms (fashion) free oscillations of the system "lining-ground." 
Modes 1 and 2 are horizontal oscillations soil layer, wherein the first mode is a skew-symmetric and 

the second mode – symmetric. In modes 3-5 are more pronounced vertical oscillations. The third mode is 
a skew-symmetric, and 4-5 fashion – symmetrical. Higher forms shown in Figures 1-8, are rather complex 
oscillatory motion of the ground and, apparently, do not make a significant contribution in determining 
the seismic movements, but can have a significant impact in finding the acceleration system and the 
seismic stresses in the construction of tunnels lining. 

 
 

Figure 1 – The first mode of free oscillations "lining-soil" system 
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Figure 2 – The third mode of free oscillations "lining-soil" system 
 

 
 

Figure 3 – The fifth mode of free vibrations "lining-soil" system 
 
Conclusions. Multivariate numerical experiments to study free "lining-soil" oscillations of the system 

revealed that there is a complex pattern of deformation of anisotropic array and being in it three-
dimensional underground structure in the course of oscillation, comprising a tensile elements, 
compression, bending and torsion (see Figures 1-3). 
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Analysis of the results of the calculation shows that the value of natural frequencies and forms of 
oscillations are influenced by many factors, including the structure of the soil mass, the density 
distribution in heterogeneous soils, the methods of construction of underground structures, geometrical 
parameters. 
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Н.М. Махметова, В.Г. Солоненко, С.Е. Бекжанова 

 
М.Тынышбаев атындағы Қазақ көлік жəне коммуникациялар академиясы, Алматы қаласы 

 
CТАНЦИЯНЫҢ ТИПТІК БӨЛІГІНДЕГІ ҚАТПАРЛАМАСЫНЫҢ  

КЕРНЕУЛІ-ДЕФОРМАЦИЯЛЫҚ КҮЙІНІҢ ЭКСПЕРИМЕНТАЛЬДЫ ЕСЕПТЕУІ 
 
Аннотация. Жұмыс «бекітпе-топырақ» жүйесінің амплитудалық-жиілік смпаттамасын зерттеуге бағыт-

талған теориялық ізденіс. Үш өлшемді станция тоннелі бар анизотропты массивінің еркін тербелісін үйрену 
бойынша сандық экспериментті жүргізу барысында тербелу процесі кезінде топырақ массиві ғана деформа-
цияға ұшырамай, онда орналасқан жерасты ғимараттарының да деформацияланатыны анықталған. 

«Бекітпе-топырақ» жүйесінің амплитудалық-жиілік сипаттамасы вариациалық түрдегі шекті элементтер 
əдісі негізінде зерттеледі. Якоби алгоритм сызбасына негізделген кеңістік бөлігіндегі итерация əдісімен 
меншікті мəндерінің жалпыланған мəселесі шешіліді. 

Тірек сөздер: еркін тербеліс, кернеулі-деформациялық күй, бекітпе, кернеу, жылжу, алгоритм. 
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РАСЧЕТ СВОБОДНЫХ КОЛЕБАНИЙ АНИЗОТРОПНОГО МАССИВА  

С ТРЕХМЕРНЫМ ПОДЗЕМНЫМ СООРУЖЕНИЕМ 
 
Аннотация. Работа представляет собой теоретическое исследование, направленное на изучение ампли-

тудно-частотных характеристик системы «обделка-грунт». В ходе проведения численного экспери-мента по 
изучению свободных колебаний анизотропного массива с трехмерным станционным тоннелем было уста-
новлено, что в процессе колебания происходит деформирование не только грунтового массива, но и находя-
щегося в нем подземного сооружения.  

Исследуется на основе вариационной формулировки метода конечных элементов амплитудно-частот-
ные характеристики системы «обделка- грунт». Обобщенная проблема о собственных значениях решается 
итерационным методом в подпространстве, основанным на схеме алгоритма Якоби.  

Ключевые слова: свободное колебание, напряженно-деформированное состояние, обделка, напря-
жение, перемещение, алгоритм. 
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