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ANALYSIS OF MATHEMATICAL MODELS OF TECHNOLOGICAL
SYSTEMS WITH CLUSTERING OR AGGREGATION

Abstract. A critical analysis of the main widely used aggregation models based on the Smoluchowski kinetic
equations has been carried out. It is shown that these models have a drawback that the rate of evolution of the
clusters concentration with given orders is assumed to be dependent immediately on the concentrations of clusters of
lower orders at the same moment. Some prospective ways for overcoming the shortcomings of known models noted
in the analysis have been proposed, and new equations have been derived.

Keywords: clustering, aggregation, kinetic equation, dispersed phase, modification, modeling, equations.

Introduction.Technological systems where physical and chemical transformations are accompanied
by aggregation process of an internal phase and clustering with a complex internal structure are widely
used in the chemical, pharmaceutical, metallurgical and other industries. Therefore, the problems of
modeling and calculating of such systems attract great attention of researchers. However, despite a
significant number of works, many problems remain poorly studied, and the common models of the
clustering processes of internal phases in complex physical and chemical systems have a number of
shortcomings deteriorating their practical value.

In this paper is given a brief review of the main commonly used aggregation models on the basis of
Smoluchowski kinetic equations [1,2]. Some ways which are in the authors’ opinion prospective ways of
overcoming the shortcomings of known models noted during the analysis are also proposed.

Smoluchowski equation and its features. The growth of the cluster according to the Smoluchowski
model takes place on the basis of attachment of primary particles and secondary crystals to it which enter
the cluster surface through a diffusion mechanism. Whereby the growth of the cluster is described as the
movement of the reacting zone, i.e. a region where new particles join the cluster. The particle trajectories
start outside the region occupied by the cluster, and end at the moment the particle is in contact with the
cluster. This process can also be described as a random walk using the Smoluchowski equation of the
following form:

M1 50,6000 ()50,6, ) 0

i+i+j=k Jj=1

Where ¢, (¢)- density of k —partial clusters.
The kernel @, of system of equations (1) takes into account the dependence of the collision cross

section on the dimensions and mobility of clusters. Such an approach can be successfully applied to
problems where there are sources and sinks that correspond to the presence of an external field in the
point of neighborhood of equilibrium phase transition [2, 3].

A certain internal contradiction inherent in the kinetic equations of aggregation on the basis of the
Smoluchowski binary coagulation model is that the rate of evolution of the concentration of clusters of a
certain order is assumed to be dependent on the concentrations of clusters of lower orders at the same
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time. It actually means the instantaneous formation of a cluster when its constituents physically interact
between each other. At the same time, the relaxation time of the process is calculated on the basis of
particular models that develop the physical mechanism of the aggregation process (for example, DLFO).
In addition specificities of the mechanism are usually become apparent only as to the method of
calculation of coagulation kernels without changing the kinetic equation form. This approach does not
allow to calculate the evolution of the system with incomplete information on the initial concentrations of
clusters, and also take into account the memory effects in the system.

This contradiction can be eliminated only by modifying the kinetic equation form of aggregation
itself, taking into account the relaxation times. Moreover, we proceed from the premise that the kinetic
equation form can nevertheless be considered indirectly to the specifics of the physical nature and
mechanism of the aggregation process if it is assumed that the main path of the influence of this
specificity on the kinetic equation itself is the formation of a hierarchy of relaxation times. The derivation
of the classical Fokker-Planck equation can be mentioned as an example of such approach [3].

The need to take into account the relaxation phenomena in the derivation of the kinetic equations of
aggregation was noted by many researchers [4,5].

Consider for example the formation of rain drops in the atmosphere. At the initial moment of the
formation of a drop, it is characterized by a certain initial size of the primary embryo, which we will
consider as a cluster of the first order. Then the drops are combined with each other and become larger.

In order to describe the kinetics of the aggregation process, we need to know, first, what is the
concentration of such drops (first order, second order), i.e. primary drops, combined in two, three drops
etc. We need to know how fast the drops of different orders will be combined with each other. The kinetic
coefficients required for such a description depend for example on the electric charge carried by the drops.
And the electric charge depends on how long the drop is in the atmosphere. Herein lies the impact of the
background of the process.

If the drops have different backgrounds, they will differently aggregate. We can not know all this
information. But we can estimate the characteristic time during which this electric charge varies by a
definite quantity. And with the help of the knowledge of this relaxation time, the influence of unknown in
details background on the kinetics of the process can be estimated.

one can make an assessment of how the entire prehistory, which is not known in detail, will affect the
kinetics of the process.

All this is fully applicable to the description of aggregation processes in systems with chemical
sources of a dispersed phase [6].

Earlier, the papers [4-6] considered the problems of modeling of heat and mass exchange processes
based on the methodology of relaxation transfer kernels. Here the derivation of nonlocal kinetic equations
of aggregation in homogeneous disperse systems on the basis of the same methodology is proposed for
discussion. For binary coagulation is used the Smoluchowski equation as the base model [2].

This is about temporal nonlocality, i.e. about the delay of the process taking into account the
hierarchy of relaxation times. The choice of the model equation in this case is a technical issue. Other
models can be also used [7,8]. More importantly, the application of the methodology of relaxation transfer
kernels [6] for the modification of the kinetic equations is more formal than for the transfer equations.
Thisapproachis controversial, ofcourse.

Another aspect of the problem is related to the fact that the Smoluchowski kinetic equation is written
for a medium that is assumed to be absolutely homogeneous with respect to the volume concentration of
clusters of different orders. The same assumption is made in the new model.

Modified Smoluchowski equation. Let’s consider the modification of the Smoluchowski equation
with the time lag of aggregation, which is intended to describe the effect of the characteristic time of
formation of the aggregate on the kinetics of the process [6].

In our situation, the role of relaxation times is played by the characteristic timesz; ; of aggregations

i— and j—. Then the following nonlocal modification of Smoluchowski equation is proposed for the
aggregation process in a polydisperse system [6, 7]:

— 3 ——
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The model equations for the elements of the coagulation matrix are as follows [6]:

% ‘Di,' 0
g =~ =0 3)

L] L]
ot I,

Then the integro-differential equations take the following form:

0

_:_ZIdﬁ IUCXP[ ?_” (t_tl)JCi—j(tl)Cj(tl)_
i=j.J

@ 0 4)
5 oot 200 e )
=

i,J
For the case of an isotropic and homogeneous medium, relations (4) can be regarded as ordinary
differential equations

The time derivatives of the cumulative elements have the following form

®?.C,()C, (1)~ 2L fis DY jdt C.(h)C; (tl)exp(—f—oj(t—fl)]. )

i,j i
i,j L,J

Then the equation can be changed to the followmg form:

Z(Dlu 1/ Zq)z] i

1 i—1 f_ flo
2 Ji—j,j Idtl i j]exp[ T#(f tl) C (l‘l)C (t1)+ (6)
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=1 Tij bij
Let’s take derivative with time once again:
¢, d 1L
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24M%Q@qm—
Jj=1 l/
0 1
- Z(#)zj.dth)?,j exp{—#(t -4 )Jci(tl )Cj(tl)
RN fi.j




Hoxnaovr Hayuonanwvroii akademuu nayk Pecnybauxu Kazaxcman

Carrying out separate average over groups of indices for elements describing formation and
destruction of I -, we have the system of equations

t"’l T dr 22 -1, )C‘,(t)—;@gjq(t)cj(z))_

——Alch, G (OC (1) +

0

1o
5 Blzz.[dtl i—j,j €Xp| — - “ (t-1) Ci—j(tl)cj(fl)Jf ®)
=7,]

+4, Yy @) ,C(NC (1) -
Jj=

0 in()'
—BZZZJ‘dtIQQjeXp - L(e-14)|Ci(n)C; (1)
j=1

i,j

More compact view of the system is taken after changing

d’c. d*C, dc,
= +(B, +B,)—L L+ BB, —~ -
—(BI+B2+ )( ZQ -G )Cj(t)_zq)?,jci(t)cj(t))_

A ©)
__Alcht —jj i /(t)c (t)+AZZth/ z(t)c (0

A special feature of equation (9) is the existence of solutions describing the passage of disturbance
with finite velocity [8]. The further development of the proposed model may consist in taking into account
the difference in the characteristic times of coagulation in the aggregation of globules of different orders.

At the same time, the analysis of the obtained equation shows that the use of the local form of
Smoluchowski equations with aggregation matrices subject to equations of the form (3) is completely
correct for small parameter point because a correction to the local form has at least a second order of
smallness [7].

Conclusion. The article gives a brief critical analysis of models of dispersed phase aggregation in
physical and chemical systems. The need to take into account the relaxation phenomena is shown and
techniques of derivation of the kinetic equations of aggregation with phenomena of time lag in the
formation of aggregated clusters of disperse phase is outlined. This methodology can be used for
modeling of dynamic processes in memory systems based on nonlocal transfer equations.
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A.O. KazenoBa, A.M. Bpenep, B.I'. 'oayoes, I'.1. Kenxxanuesa, LII.K. [llanamnos, A.A. BekaysioBa
M. OyesoB arbiHaarsl OHTYCTiK Kazakcran MmemiekerTik yauBepeureri, Lsivkent, Kazakcran

KJIACTEPJIEY HEMECE ATPETATTAYMEH TEXHOJIOTUSLIBIK )KYWEJEP/IIH,
MATEMATHUKAJIBIK MOJEJILJEPIH TAJIJIAY

AnHoTanus1.CMOIyXOBTHIH KHHETHKAIIBIK TEHJIEY HETi31HIe arperanusuiayiblH KeHIHeH KOJIIaHbIIaThIH Heri3ri
MOZENBACPAIH KPUTHKAIBIK TajgaMachl skacaublHIbl. OChl MOJENblepre KeMIIUIIKTep TOH €KEeHI KOpCeTUIreH, ol
Oenriai Oip perTeri KIacTepyiep KOHICHTPAIIUSCHIHBIH SBOJIOIUS JKbUIIAMIBIFGI 9 COJl YaKbIT ME3ETIHIAC TOMEHTI
peTTi KilacTepiepIiH KOHIEHTPaLUsIChIHA Taye i OonaThiHbHA Heri3aenreH. CoHnaii-axk Tanjay 6apbichiHna Oenriii
MOJICTIbJIEPAIH aHBIKTAIFAaH KEMILUTIKTEPiH JKEHYJAIH aBTOpJApIbIH Oifbl OOWBIHIIA aHAFypJbIM HEPCIEKTHBTI
JKOJIAAPBI YCHIHBUIFAH JKOHE )KaHa TeH/CYJIep LIBFAPbLIFaH.

TyiiiH ce3mep: KiacTepiey, arperarray, KAHETHKAIBIK TCHICY, OUCHEPCTIK (asa, TypieHIipy, MOIenbIey,
TEHIEY.

A.O. KazenoBa, A.M. Bpenep, B.I'. 'oay6es, I'.JI. Ken:kanuesa, II1.K. [llananos, A.A.bekayioBa
IOxH0-KazaxcTaHCKui rocyJapCcTBEHHBIN yHUBEepcHTET UM. M. Aya3oBa, Llbmvkent, Kazaxcran

AHAJIN3 MATEMATHNYECKHUX MOI[E;JIEI‘/‘I TEXHOJJOTMYECKHUX CUCTEM
C KJIACTEPU3AIIMEUN NJIN ATPETALIUEN

Annotanusi. OcyIecTBIICH KPUTUYECKHH aHaIN3 OCHOBHBIX LIMPOKO MCIIOJIB3YEMbIX MOJEJIEH arperanyuu Ha
OCHOBE KHHETHUYeCKMX ypaBHeHHii CwmomyxoBckoro. IlokazaHo, YTO 3TH MOAENSIM MPUCYIl HEIOCTAaTOK,
3aKJIFOYAOIIMHCS B TOM, YTO CKOPOCTH IBOJIIOLUH KOHIEHTPALMH KJIACTEPOB ONPEENICHHOTO TOPsAKa OoIaraeTces
3aBUCHMOH OT KOHIIGHTpanWi KJIACTEPOB HU3IIKX IOPSIKOB B TOT XK€ MOMEHT BpeMEHH. [IpemoxeHsl Takxke
HEKOTOPbIE MEPCIEKTHBHBIE 110 MHEHUIO aBTOPOB ITyTH INPEOAOJCHUS OTMEYEHHBIX NPH aHAJIN3€ HEIOCTAaTKOB
M3BECTHBIX MOJZIEJIEH U BHIBEICHBI HOBBIC YPABHEHNSI.

KiroueBble ci10Ba:KiIacTepu3anys, arperanys, KHHETHYECKOe ypaBHEHHUe,AucnepcHas (asa, Moxudukanus,
MOJIETIMPOBaHNE, YPaBHEHMUS.
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