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SOLUTION OF THE PROBLEM OF LOWERING
OF MATERIALS OF VISCOUS LAYER DOWN THE HILLSLOPE

Abstract. The article deals with the problem of a modeling investigation of the mechanism of the landslides
origin of sedimentary rocks. It is assumed that a viscous layer of rock, located on the surface of a stable elevation,
with a decrease in the coefficient of viscosity, material flows down the slope under the influence of gravity. To study
this process, a mathematical model method was used, as a result of which a mathematical model of the given process
was obtained and a mathematical problem on the solution of a quasilinear equation of parabolic type was formulated.
To solve the mathematical problem, a finite-difference method was used; a nonlinear implicit calculation scheme
was chosen on the basis of which an algorithm for solving the problem was formulated and a computer program was
developed. A numerical experiment was performed for various possible variants; the results are presented in the
form of graphs and tables.

Keywords: sedimentary rocks, rheological properties, creep, mechanism of landslides origin, mathematical
model, solution algorithm, numerical experiment.

The setting of the problem. One of the causes of catastrophic phenomena occurring in foothill areas or
on hillslopes of elevations is the lowering of ground materials down their slope. As a rule, with the
preservation of certain conditions, a stable position of ground materials remains. However, under the
influence of natural phenomena, for example, prolonged heavy rains that lead to a change in the viscosity
properties of the materials composing the upper layers of the ground, creep motions may occur under the
influence of gravity. Research in this direction is relevant since the study of the mechanism of origin of
one of such phenomena frequently occurring on the Earth is considered important for the prevention of
catastrophes associated with them [1,2].

It is known [3,4,5] that sedimentary rocks, which cover more than 75% of the surface of the terrestrial
land, have the property of creep. "Creep is a phenomenon of gradual growth of strain in time with
constant stress and a decrease in strength under long-term loading" [5, p. 36]. Therefore, creep is the cause
of such phenomena as landslides, mudflows, glacier flow and others.

The proposed article is devoted to a model investigation of one version of the mechanism of
landslides origin when the ground lowering occurs under the influence of its own weight with a change in
their rheological properties. In this case, a physical model of "creeping" flows in the viscous layer is used
[3,4,7,8], and for the study of the process under consideration - the mathematical model method [6].

Mathematical model and setting of the mathematical problem. Let us consider a certain viscous layer
of a certain thickness (power) lying on the surface of a stable hill. It is assumed that at the initial time the
viscous layer is in a stable position, i.e. there is no movement in it. Then, because of the decrease in the
coefficient of viscosity of the layer, it moves down the hillslope under the influence of its own weight. It
is required to compile a mathematical model of this problem and set its mathematical formulation.

To solve the problem, it is necessary to introduce the notations for the main parameters describing the
process under consideration.

Let it be assumed that there is a rectangular coordinate system, in which x and y- horizontal
coordinates, and z — vertical coordinate; z axis is directed upwards, backwards to the direction of the

gravitational vector é (Figure 1).
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Figure 1 - Initial position of a viscous layer resting on a hill

It is assumed that the center (vertex) of the hill coincides with the origin of coordinates (x = 0) and
z axis is a line of symmetry. The boundary between the moving part (the viscous layer) and the fixed part
of the hill is determined by the function z=&(x,)), and the free surface of the viscous layer -
z=u(x,y,t). Here t- time. The required function is z = u(x, y,f).

It is assumed that the thickness of the viscous layer is little in comparison with the horizontal
dimensions, which makes it possible to use a similar mathematical model of the problem considered in the
work of the author. The transition to dimensionless parameters and the simplifying transformations
associated with it allow to write down the corresponding mathematical dependences. In this case, the free
surface of the viscous layer under consideration is described by the following differential equation in
dimensionless variables [10,11]:

qu_ER (O w0 o
% 3 [ax(u ) o +ay(u é)ay)]- (1

Here, z = &(x,y) is a function that determines the boundary surface between the viscous layer and
the underlying fixed base. Let it be given in the following form [10]:

o 2(x* +y%)
Sr,y)=>0-f)-e °* -[I—T],
pgH’
where f — initial thickness of the viscous layer. In the equation there is a single parameter ER = 7
n

, which is dimensionless, depending on the physical and geometric properties of the viscous layer under
consideration; where p — the density of the material and 77 — the dynamic coefficient of the viscosity
layer, g— acceleration of gravity, U,H,L — characteristic values: speed, vertical and horizontal
dimensions respectively.

The received equation (1) is a quasilinear equation of parabolic type with regard to the function
u(x, y,t).

The solution of the equation (1) makes it possible to obtain a picture of the change in the free surface

of the structure under consideration, to calculate the values of the moving velocities of the materials in the
layer by the following formulas [11]:

T (R g
@

_ER G2 v ey

0= 0w 9')

It follows from the setting of the problem that the initial condition (at # = 0) for solving equation (1)
has the following form:

2

u(x, yao) =e " - [1 b ] (3)
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This function (3) determines the initial position of the free surface of the viscous layer under
consideration. It is obtained as a result of the transition to dimensionless parameters by means of the
following substitution [10]:

5 x=2 Yz = é
H

Since we consider a layer, the characteristic horizontal dimension (L) of which is large enough in
comparison with its vertical dimensions (H), it can be assumed, that:

u — 0 on condition x — o0, y — to0. 4)

This means that at points away from the center of the hill (x = 0), the free surface of the layer very
closely coincides with the horizon (z =0). For numerical calculation, we can consider the boundary
conditions as follows:

x=%d, u(xd,y,t)=0; y==xd, u(x,xtd,t)=0. 5)

In this case, the value d can be chosen several times more than the dimensionless value of the
maximum hill height. This is done for the purpose of approximate replacement of the condition at infinity.

The setting of the mathematical problem. Thus, the resulting set of formulas (1) - (5) forms the
mathematical model of the problem set here, which allows us to formulate the following mathematical
problem: it is required to solve the equation (1) for the initial condition (3) and the boundary conditions
(5).

On the method of solving the mathematical problem. Obviously, because of the presence of
nonlinearity with respect to the desired function, the equation (1) cannot be solved by an analytical
method, therefore, a finite-difference method is used here. According to academicians Tikhonov A.N. and
Samarskiy A.A. [9, p. 593], "At present, the finite-difference method is the only method that allows to
find effectively a solution of quasilinear equations".

In the quasilinear equation (1), the coefficient of the highest derivative of the desired function is a
power function with respect to the same function. For the stability of the solution of this type of equations,
it is expedient to use an implicit calculation scheme that is nonlinear with respect to the values of the
required function [9].

The calculation scheme. In order to reduce the amount of computational work, we can confine
ourselves to solving the two-dimensional problem. Selecting the steps 4 and 7 by independent variables
x and ¢ respectively, we can get the following calculation scheme:

[ -ul _ER jHl s uly —ul” jHl s ul" —uly
r 3 . h [(ui+l é:i+1) h (ui é:z) h ] ’ (6)

u

i=1,23,...,n; j=1,2,3,...,m; n— the number of points of division by x, and m — by ¢.
It is clear that this scheme is nonlinear with respect to the values of the required function ul] . s0 to

solve this system of algebraic equations, it is necessary to use the iteration method. To transform the
equations (6) we introduce the following notations:

j+1
u!

= u; — value of the function on the new layer and the new iteration;

J+l
i

u; " =w, — value of the function on the new layer, for the previous iteration;

u/ =v, — the value of the function on the previous layer.

Taking these notations into account, and also after the simplest transformations from the formulas (6),
we can obtain the following equation:

Au =+ A4 +A4,) u+ A4, u,, =-v, (7
where
_ER-7 _(Wi —& W, —
30’ 2
—— 38 ——

(:gi—l)3’ i=1,2,3,...,n.—1 (8)

A
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Formula (7) is a system of algebraic equations, the main matrix of which has a special form -
tridiagonality. To solve this system of equations, a sweep method is used for each iteration. The use of the
iteration method allows to obtain a solution of the problem with a specified accuracy, and also the
stability of the solution will be ensured.

Now conditions on the boundaries should be added to the system of equations (7); from the formulas
(5), the following conditions can be obtained:

- the condition on the left border, at x = 0, where the maximum of the desired function is reached

and the first derivative is zero, which implies u, ~ u,;
- the condition on the right boundary, away from the center, at x = 3, It can be assumed that the
value of the required function is zero; i.e. u, = 0. Because of the symmetry for the left side of the domain

— 3 < x £ 3 the results of the solution will be the same as for the right side of the domain. Therefore, we
can confine ourselves to solving the problem for one, the right-hand side, of the domain.

Algorithm for solving the problem. For each iteration, the system of equations (7) is solved by the
sweep method. As the zero approximation, the value of the desired function on the previous layer is used.

Within the iteration, the following operations will be performed:

1°. First, the values of the coefficients of the system of equations (7) should be determined by the
formulas (8).

2°. In the direct run, unknown coefficients are determined using the following formulas:

a =1 p =0 ©)
g, =t g VFAD g5 (10)
1+4+4,, 1+4 +4,

3% Then, in the reverse run, the values of the desired function are determined using the following
formulas:

u, =0, w,=a, u,+p,, i=n-1n-2,...,1 (11)

4°. The iterative process continues until the accuracy condition is satisfied; it is given by the
following inequality:

max {|u[i]-wi]|} < ¢, (12)

where ¢ — a sufficiently small positive number, which must be given in advance. Inequality (12)
determines the largest deviation between the values of the desired function for two iterations.

Numerical implementation of the algorithm. The development of a computer program for solving
this problem is not very difficult. The computer program was developed [12,13], with the help of which a
numerical experiment was carried out. The following specific data are included in the numerical
experiment plan:

- for a dimensionless quantity ER the following four values were accepted: ER =0,01;

ER=0]1; ER=10; ER=10;
- steps on independent variables: 2 = 0,02; 7 =0,0001;
- the initial thickness of the layer is assumed to be constant and equal to = 0,3;

- to determine the accuracy of calculations it is assumed ¢ = 0,0001;

- the calculations were carried out for the instants of time 0 < ¢ <10 ;

- The interval over the horizontal variable was —3 < x < 3.

Results of the numerical solution of the problem. It should be noted that the solution of this problem
depends only on one dimensionless parameter ER. Therefore, the numerical experiment was carried out
for different values of this parameter. This parameter is determined by the physical and geometric
characteristics of the viscous layer under consideration, therefore the initial numerical data are taken from
the special literature on the physical and mechanical properties of rocks [3,4,5]. Elementary calculations
have shown that for most sedimentary rocks, including clay ones, covering a significant part of the earth's
surface, the order of the values of the dimensionless parameter £R may be within 0.01; 0.1; 1.0; 10. For
these values of this parameter, calculations were made.
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As a result of the numerical implementation of the algorithm for solving this problem, results are
obtained, which are presented in the form of graphs and tables. There was determined the positions of the
viscous layer for different instants of time in the range 0 <7 <10 for different values of the
dimensionless parameter £R. Because of the fact that at ER = 0,01 the change in the initial position of
the viscous layer turned out to be insignificant, the graph for this case is not presented here. Figures 2 - 4
show the positions of the viscous layer at the time point ¢ = 10 for parameter values ER : 0,1;1,0; 10.
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Figure 2 - The position of the viscous layerat ¢ = 10 for ER = 0,1.
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Figure 4 — The position of the viscous layer at £ = 10 for ER =10.

Conclusions. The main parameter affecting the process under consideration is the dynamic coefficient
of viscosity of the layer. Therefore, when studying this process, it is necessary to take into account the
change in the viscosity of the layer materials as the main factor. The dimensionless parameter depends
inversely on the dynamic coefficient of viscosity of the layer under consideration. At low values of the
coefficient of viscosity 77 the parameter value ER will be great, and conversely, when the viscosity
coefficient is of great importance, this parameter will have a small value.

From an analysis of the obtained results, it follows that for a sufficiently large value of the dynamic
coefficient of viscosity of the layer under consideration (ER =0,1 and ER =0,01) the change in the

— 4) ——
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initial state of the layer will be insignificant. In fact, the lowering of the maximum point (the vertex) of
the outer surface of the layer during the period of time 7 =10 is for the case when ER =0,1, only by
6.15% (decrease from 1 to 0.9385), and for the case when ER = 0,01, only by 1.09% (the same, from 1
to 0.9891). For comparison, there can be given the data for ER =1 and ER =10. In the last two cases,
the viscosity coefficient will have relatively small values. The lowering of the viscous layer materials will
be significant at this; the descent of the top of the layer is: for the case at ER =1 about 18%, and for
ER =10 - 26%. Figure 5 shows the graphs showing the changes in the vertex for three cases discussed
above.

1,2

0,8

0,6

0,4

0,2

0 T T T T T 1
0 2 4 6 8 10 12

Figure 5 - Graphs for changing the maximum value of the function U(O, t ) in time for different values of the parameter FR :
- top line for ER = 0,1;
- middle line for ER =1,
- lower line for ER = 10.

In addition, it should be noted that due to the lowering of the layer materials, the upper parts are
thinning (Figure 4), and due to this process, the lower parts of the considered area thicken, where
sedimentary rocks accumulate, the thickness of which reaches considerable sizes. For example, the
thickening at the lowest level (on the sole) of the hill for the various variants was in the following values:

Table 1- Maximum increase in the layer thickness

ER 0.1 1.0 10
Layer thickness 0.3408 0.4972 0.5527
% of increasing 13.6 65.7 84.2

In conclusion, it should be noted that the results of the solution of this problem allow a theoretical
(mathematical) description of the mechanism of the occurrence of landslides lying on elevated areas. An
assessment of the changes that occur due to landslides with a decrease in the coefficient of viscosity of
sedimentary rocks was made. The obtained results of the study make it possible to estimate the scale of
catastrophic consequences due to the occurrence of landslides. For example, it can be seen from Table 1
that there is an increase in the thickness of the layer in the lower parts of the earth's surface by 65-84%,
which occurs due to rocks sliding from the upper parts of the hill. This means that these places on the
earth's surface are covered by sedimentary rocks of considerable volume. This situation can lead to
undesirable consequences.
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YK 517.946+681.3
3. K. Kypanbaes

AJMaThI SHEpPTETHKA JKOHE OaiiylaHbIC YHUBEPCHUTETI, AlMaThI K., Kasakcran

TYTKBIPJIBI KABATTBIH MATEPUAJJIAPBIHBIH KbIPAT BAYPAHBIHA TOMEH TYCVYI
TYPAJIbI ECEIITI LIEITY

AnHoTanusa. Makanaia IIeTiHIl Tay JXKbIHBICTAPHIHBIH KOIIKIHIHIH Hai1a O0MyBIHBIH MEXaHU3MiH MOJCIBIIK
3epTTey Typalbl MOCeNe KapacThIphUIFaH. TYpakThl KeIpaT OCTiHIEC OpHAIACKAH Tay >KBIHBICTAPBIHBIH TKTKBIPIIBI
KaOaTBIHBIH TYTKBIPIBIK KO3(DQUIINCHTI TOMEHIETCHICO3 CalIMAFbIHBIH OCEPIMEH KBIpaT OaypallbIMEH TOMEH Kapaii
Ko3Faymaapl nen yirapeUrraH. OCBHIHAAH TPOLECTI 3epTTey YIIiH MaTeMaTHKANBIK MOJECIBICY OMICIH KOJIIaHY
HOTIDKECIHJIE KBa3HMCHI3BIKTHIK Tapadoiia THUIIHIETI TEHACYAl IIeNry Typajbl MaTeMaTHKAalbIK eCcell KOWBLIFaH.
Ecenti menry ymriH mekTenreH-adbIpMa oMici KOJTAHBUIFAH, CBHI3BIKTHIK eMeC opi allKbIH eMeC €CeNTey CXEMachl
TaHIAJIBIHBII, €CENTIH aJIrOPUTMI MEH KOMITBIOTEPIIIK MTPOrpaMMachl KYpPacThIPbLUIFaH. OPTYp/l BapUAHTTAp YIIiH
CaHJIbIK KCIIEPUMEHT OPBIH/IAII/IBL; ECETITeY HOTKENEpl rpaduKTep MEH KecTelep TypiHae oepiirex.

Tyiiin ce3mep: wWeriHAl Tay KBIHBICTAPBI, PEOJIOTHSJIBIK KACHETTEp, JKbUDKY, KOIIKIHHIH maiaa Oomy
MeX&HHSMi, MareMaTUuKaJIbIK MOJICJIb, ecenTey aﬂFOpI/lTMi, CaHIObIK 3KCHepl/IMeHT.

VK 517.946+681.3
3. K. Kypano6aes

AnMaTHHCKHI YHUBCPCUTET DOHCPICTUKU U CBA3U, T'. AJ'[MaTBI, Kazaxcran

PEHIEHME 3AJTAYHA OB OITYCKAHUUN MATEPHUAJIOB BA3KOI'O CJIOS IO CKJIOHY
BO3BBIINIEHHOCTH

AnHoTauus. B cratee paccmaTpmBaeTcs 3amada O MOJENBHOM HCCIEIOBAHWM MEXaHH3Ma BO3HHUKHOBEHUS
OIOJI3HEN OCal0YHBIX TOpHBIX NopoJ. [Ipenmnonaraercs, 4To BSI3KUIl CIIOM MOPOAbI, HAXOIALIUNCA HA TOBEPXHOCTH
YCTOHYMBOM BO3BBIIICHHOCTH, IPU YMEHbIICHHH KOI()(DUIHCHTA BI3KOCTH BO3HUKACT JBHIKCHHE MATECPUATIOB BHU3
[0 CKIOHY TOJ JEWCTBUEM CHJIbI TshkecTH. Jlisi WcclneioBaHWs JAaHHOTO Tpollecca HUCIOJIb30BaH METOJ
MaTeMaTH4YeCKOI0 MOJIEIUPOBAHUs, B Pe3yJIbTaTe KOTOPOro MOJIyueHa MaTeMaThuyecKasi MOJIENb JaHHOTO Mpolecca
U chopMyTUpoBaHa MaTeMaTHYeCKas 3aj1a4a O PEIICHUH KBa3WIMHEHHOTO ypaBHEHHS apabomudeckoro Tuma. s
pEIIeHUs] MaTeMaTHIECKON 3a/1a4ll HCITOb30BaH KOHEYHO-PA3HOCTHEIM METOI; ObLIa BEIOpaHA HEMHEWHAS HesIBHAS
pacueTHas cxema, Ha OCHOBE KOTOPO# c(hopMyIIHpPOBaH alTOPUTM PEIICHHUs 3afaddl U pa3paboTaHa KOMIBIOTEPHAS
nporpamMMa. IIpoBeneH UHCIEHHBIM SKCIEPUMEHT I Pa3IMYHBIX BO3MOXKHBIX BapHAHTOB; pE3YJbTAThI
MIPEJCTaBIICHEI B BUJE rpadUKOB U TaOIHII.

KiroueBble cjioBa: 0caovHBIE MOPOJIBI, PEOJOTHYECKHE CBOMCTBA, MOJI3YYEeCTh, MEXaHH3M BO3HHKHOBEHHS
OIIOJI3HEH, MAaTEMAaTUYECKasl MOJIENb, AJITOPUTM PELLEHUS, YUCIICHHBII KCIIEPUMEHT.
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